On rings of commuting partial differential operators. * 

A.B.Zheglov 



Abstract 

We give a natural generalization of the classification of commutative rings of ordinary 
differential operators, given in works of Krichever, Mumford, Mulase, and determine commu- 
tative rings of operators in a completed ring of partial differential operators in two variables 
(satisfying certain mild conditions) in terms of Parshin's generalized geometric data. It uses 
a generalization of M.Sato's theory and is constructible in both ways. 

1 Introduction 

The problem of classification of commutative rings of ordinary differential operators was in- 
spired already by works of Wallenberg [39] and Schur [37], and then has been studied by many 
authors and in diverse context of motivations, including Burchnall-Chaundy [6], Gelfand-Dikii 
[T2] . Krichever [H], Drinfeld [8], Mumford [26], Segal- Wilson [36], Verdier [38] and Mulase [23]. 

Recall that the commutative algebras of ordinary differential operators correspond to spectral 
data. Thus, if we have a ring of commuting operators generated over a ground field k by two 
ordinary differential operators 

Pi = &l + u n - x {x)dl- x + ...+ u Q (x), P 2 = d™ + v m - 1 {x)d^- 1 + ... + v (x), 

then, as it was found already by Burchnall-Chaundy [6], there is a non zero polynomial Q(\,n) 
such that Q{P\,P2) = 0. A completion C of the curve Q(A,/i) = is called a spectral curve. 
At a generic point (A, fi) the space of eigenfunction ip (Baker- Akhieser functions): 

P\i) = Xip, P2^ = flip 

has dimension r , and these functions are sections of a torsion free sheaf T of rank r on the 
spectral curve (for more precise statements and details see works cited above). The completion 
of the curve Q(X,fi) = is obtained by adding a smooth point P (this is not necessary the 
projective closure in P 2 !), and the triple (C, P, T) is a part of the so called spectral data. 

Generalizing this result of Burchnall and Chaundy, Krichever (|14j. |15j ) gave a geometric 
classification of rank r algebras of "generic position" in terms of spectral data. Drinfeld [8] gave 
an algebro-geometric reformulation of Krichver's results which was improved later by Mumford 
|26j . Later Verdier and Mulase gave a classification of all rank r algebras. Mulase's classification 
was a natural improvement of the theorems of Krichever and Mumford, Verdier used other 
ideas and proposed a classification in terms of parabolic structures and connections of vector 
bundles defined on curves. It is important to notice that the constructions of Krichever, Mumford 
and Mulase are essentially constructible in both directions, i.e. for a given ring of commuting 
operators one can construct a geometric data, and vice versa. This leads to a possibility to use 
this method for constructing examples of commuting operators. 
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Scientific Projects no. 14.740.11.0794, and by the Government of the Russian Federation for support of research 
projects implemented by leading scientists at Lomonosov Moscow State University under the agreement No. 
11.G34.31.0054. 
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After their work, many attempts have been made to classify algebras of commuting partial 
differential operators in several variables. There are several approaches to this problem (see e.g. 
review |32| and references therein) . One of the methods is based on the approach of Nakayashiki 
(see [28], |20j . |33] and references therein) and the other method uses ideas from differential 
algebra (see [32] and references therein). Nevertheless, the methods above don't lead to a clas- 
sification, and Nakayashiki's approach leads to rings of commuting partial differential operators 
with matrix (not of dimension 1) coefficients. 

The classification of ordinary differential operators can be considered as a part of the KP 
theory that relates several mathematical objects: solutions of the KP equation (or of the KP 
hierarchy), geometrical (spectral) data, rings of ordinary differential operators, points of the 
Sato grassmanian. In works [31], [30], [29], [E],[l7], IS] several pieces of analogous KP theory 
in dimension two are developed: there are analogues of the KP hierarchy, geometrical data, 
Jacobians. 

The solution of the classification problem of commutative rings of operators we are proposing 
in this paper uses our original approach based on some ideas of Parshin (see [31] . |30| ) and works 
cited above, and is a natural generalization of the theorems of Krichever, Mumford and Mulase, 
and is constructible in both ways. On the other hand, it generalizes the approach of M.Sato in 
dimension one. The methods used in this paper could be generalized also to higher dimension, 
and we plan to describe the general case in another paper. The reason to describe first carefully 
dimension two case is that this case is applicable to already investigated theory of ribbons (see 
[16]. [17]) and theory of generalized Parshin-KP's hierarchies (see [30] . [41] ). which have been 
developed only for dimension 2 case. 

As a result we obtain a classification of commutative subrings (satisfying certain mild condi- 
tions, see theorems 13.21 and 13. 4p in the ring of completed differential operators D (see subsection 
12.1 . 5f) that contain the ring of partial differential operators X2]][$si > ^2] > where k is a 

field of characteristic zero, as a dense subring. The operators from the ring D contain all usual 
partial differential operators, and difference operators as well. They are also linear and act on 
the ring of germs of analytical functions. 

Such commutative subrings include as a particular case all commutative subrings of partial 
differential operators (satisfying the same mild conditions, see theorem 13. 4p because of the 
following result on "purity" (see proposition 13. ip : any commutative subring in D containing 
such a ring of partial differential operators is itself a ring of partial differential operators. Thus, 
we obtain in a sense also a classification of commutative subrings of partial differential operators, 
although there is a problem of finding extra conditions on the classifying data describing rings 
of partial differential operators between rings of operators in D , see remark 13.111 

We would like to emphasize that the ring D naturally appears in our approach of general- 
ization of the KP theory to higher dimension (cf . remark 14. ip . In dimension one there is no need 
to introduce it. As in one-dimensional case, one can introduce a notion of formal Baker- Akhieser 
function (cf. [421 Introduction]), which in case of rings of partial differential operators satisfying 
certain conditions is an analogue of the Baker- Akhieser function considered in [14] (see remark 
I3.12p . The explicit formula for this Baker- Akhieser function uses local parameters at the point 
P of the geometrical data (see definition I3.10P . We emphasize that this data did not appear in 
earlier approaches. 

The classification we are giving here is divided in three steps. First we reduce the problem to 
the case of rings satisfying certain special properties ( 1 -quasi elliptic rings, see definition 12. 181) . 
Then we classify a bigger class of a -quasi elliptic rings: namely, all such rings in a completed 
ring of differential operators (see subsection 12.1.51 definition I2.18p . We classify them in terms 
of pairs of subspaces (generalized Schur pairs, see definitions 13.21 [37L2j) . This classification uses 
a generalization of M.Sato's theory (see [31], [35]), and is constructible in both ways. After 
that we classify generalized Schur pairs in terms of generalized geometric data (see definition 
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13 . lQf) . On the one hand side, the data is a natural generalization of the geometric data in one 
dimensional case, on the other hand, it is a slight modification of the geometric data of Parshin 
|31] and Osipov [29] . The exposition of the last two steps of our classification follows closely 
to the exposition of the corresponding results in the work of Mulase [23J. In particular, as the 
last step of the classification we introduce two categories, the category of Schur pairs (definition 
I3.14p and the category of geometric data (definition l3.1ip . and show their anti-equivalence. These 
categories are natural generalizations of the corresponding categories from |23j . 

The paper is organized as follows. In section 2 we recall some known facts about rings of 
partial differential operators, introduce new notation and develop a generalization of the M.Sato 
theory. In section 3 we realize three steps of the classification described above. In section 4 we 
announce some examples (omitting all calculations that will appear in [19]) and explain how 
known examples of commuting partial differential operators (such as operators corresponding to 
quantum Calogero-Moser system or rings of quasi invariants, see [7], [9], [I], [2], [TO]) fit into the 
proposed classification. At the end of this section we prove a theorem about algebraic-geometric 
properties of maximal commutative subrings of partial differential operators in two variables; in 
particular, we show that all such rings must be Cohen-Macaulay. 

Some applications of constructions described in this paper to the theory of ribbons (see 
[E], [17]) and theory of generalized Parshin-KP's hierarchies (see [30], [H]), as well as several 
explicit examples of commuting operators, will appear in a separate paper (see |19]), part of 
which is a recent work [18] (cf. also work [42] for a comparison with Baker-Akhieser-modules- 
approach) . 

Acknowledgements. I am grateful to Herbert Kurke for his important and useful comments 
and exposition improvements made on the earlier version of this paper. I am also grateful to 
Denis Osipov for many stimulating discussions and useful suggestions. I would like to thank the 
MFO at Oberwolfach for the excellent working conditions, where several improvements of this 
work has been done. 

2 Analogues of the Sato theory in dimension 2 

2.1 General setting 
2.1.1 Generalities 

Let R be a commutative k -algebra, where A; is a field of characteristic zero. 

Then we have the filtered ring D{R) of A; -linear differential operators and the R -module 
Der(i?) of derivations: 

D {R) C Dx(R) CD 2 (R)C..., Di(R)Dj(R) C D i+j {R), Bev(R) C D X (R) 

Di(R) are defined inductively as sub- R -bimodules of Endk(R) ; by definition Dq(R) = 
End R (R) = R, 

D i+1 (R) = {P G End fe (i?)| such that for all f £ R [P, f] G Der(i?) }. 

Then we can form the graded ring 

gr(D(R)) = ©£ A(#)/A-i(i?) (D^(R) = 0) 

and for P G Di(R) the principal symbol o~i(P) = P mod Dj_i(i?) . For P G A , Q G Dj 
we have ai{P)aj{Q) = tJi + j{PQ) , [P, Q] G A+j-i , hence gr(D{R)) is a commutative graded 
R -algebra with a Poisson bracket 

{a i (P),a j (Q)} = a i+j - 1 ([P,Q}) 

with the usual properties. 
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2.1.2 Coordinates 

Definition 2.1. We say that R has a system of coordinates (x±, . . . ,x n ) S R n if 
1. The map 

Der fe (P) -> R n , (D(xi),...,D(x n )) 

is bijective. 
2- n DgDorfc(/?) Ker(L>) = fc. 

In this case there are di, . . . , d n S Derfc(P) satisfying 

di{xj) = Sij, Ker(di) n . . . n Ker(<9 n ) = k. 

Then Der(P) is a free R -module with generators di,...,d n and we have [di,dj] = 0. One 
checks (by induction on the grade) that 

gr(D(R))~R[^,...^ n ] by & h- $ mod D (R) e gn(D(R)) 

and that for P G A(P) , Q G ^j(-R) we have 

MP), Cj (Q)} = £ ^^P-OoWQ)) - E ^P*^)) 

(where we have extended d v to P[£i, ...,£„] by d v (^i) = ). 

The system (xi, . . . , x n , £i, . . . , £ n ) is called a canonical coordinate system. A typical exam- 
ple of a ring with a coordinate system is the ring k[x±, . . . , x n ] or . . . , x n ]] , where in the 
last case we have to restrict ourself to the ring of continuous differential operators and to the 
space of continuous derivations with respect to the usual topology on k[[xi, . . . ,x n ]] given by 
the maximal ideal. The ring /c[[xi, . . . , x n ]] will be important for the main part of the article. 

2.1.3 Coordinate change 

If (y\, . . . ,y n ) is another coordinate system, we get a new basis (d[, . . . ,d' n ) of Derfc(P) and 
the change of coordinates is related by the matrix 



/ <9i(yi) ... d n (yi) \ 
#1(2/2) ••• d n {y 2 ) 



M 



\ di(y n ) . . . d n {y n ) J 
as (d[,...,d' n )M = (d u ...,d n ), (&,..., OM =(&,..., tin)- 

Definition 2.2. If we have fixed a coordinate system (x\, . . . x n ) we get besides the usual order 
function 

ord(P) = inf{n|P G D n (R)} 

and the usual filtration a finer T -filtration with T = II 1 endowed with the anti lexicographical 
order as an ordered group. 

Every P £ D(R) can be expressed as 

finite 

and Vi x ...i n d % \ ■ ■ ■ d n n with "Pi\...i n / are called terms of P . 

The highest term is the term p m \...m n d™ 1 . . . d™ n with (mi, . . . , m n ) > (i 1 , . . . , i n ) for every 
other term. 
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Definition 2.3. The element (mi,...,m n ) 6 T is called T -order ordr(-P) and the term 
Pm 1 ...m n dT 1 . . . <9™" is called the highest term HT(P) . 

Clearly, we have ordr(PQ) = ordr(P)+ordr(Q) and ordr(P+Q) < max{ordr(P), ordr(Q)} 
with equality if ord r (P) ± ord r (Q) . Also HT(PQ) = HT(P) HT(Q) and HT(P + Q) = HT(P) 
if ordr(P) > ordr(Q) . 

2.1.4 Extensions of the ring D(R) 

There are several ways to extend the ring D = D(R) to a ring E D D either with an extension 
of the filtration (-D n ) n >o to a filtration (Pn)neZ with gr(E) commutative such that P € E 
is invertible in E iff <7 or d(p)(P) is invertible in gr(E) (formal micro differential operators) or 
to another filtered ring with an extension of the T -filtration and the highest term map (given 
by the choice of a coordinate system) with the property: P is invertible in E if and only if the 
coefficient of HT(P) is invertible in R (formal pseudo-differential operators). 

We describe here formal pseudo-differential operators: E = R((d^ )) . . . ((d" 1 )) (cf. [30]). 

This ring can be defined iteratively, starting by defining the ring ^4((5 -1 )) , where A is an 
associative not necessary commutative ring with a derivation d. The ring A((d~ 1 )) is defined 
as a left A -module of all formal expressions 

n 

L = ^2 a «d\ a% G A. 

i> — oo 

A multiplication can be defined according to the Leibnitz rule: 

(E^)(E 6 /)= E C*a t d k (b 3 )d^- k . 

i j i,j,k>0 

Here we put 

_ i(j-l)...(j-k + l) _ 

Ci ~ fc(jfe-l)...l ^k>0,C i -l. 

It can be checked that A((d~ 1 )) will be again an associative ring. 

For an element P € E we formally write P = YlieT r id l \ ■ ■ ■ d % n (here some of the coefficients 
r 1 can be equal zero). 

Because of definition, there is a highest term HT(P) = r mi ... m?i <9" 11 . . . d™ n with r mi ... mn ^ 
, where (mi, . . . , m n ) > . . . , i n ) if ... j n ^ . It has the same properties as the highest 
term on D(R) . We define ordr(P) = (mi, . . . , m n ) . 

Remark 2.1. If P € P and if HT(P) = r mi ... mn ^ ni .. .SK*" then r mi...m» is invertible in R 
if and only if P is invertible in E . 

Definition 2.4. Let R be a ring with a system of coordinates (x\, . . . ,x n ) , let M = (x±R + 
. . . + x n R) be an ideal and R/M = k . We get a right ideal xiP + . . . + x n E C P and a 
right P -module E / (x±E + . . . + x n E) — k((z\)) . . . ((z n )) (isomorphic as A; -vector spaces) 
which gives a right E -module structure on V = k((zi)) . . . ((z n )) . We also get an isomorphism 
gr(R) ~ k[xi, . . . , x n ] (here the filtration in R is taken to be generated by powers of M ), and 
we'll denote by a the image of element a £ R in gr(R) . 
Denote by Mj the ideal XiR and for a € P define 

ordMi(a) = sup{n|a € M™}, ordjv/(«) = sup{n|o € M" - } 

In analogy with definitions 12.21 12.31 on the ring gr(R) is defined a finer T -filtration with 
r = Z n endowed with the anti lexicographical order and the V -order function ordr : if 

ordr(f) = min{(ii,. . . , i n ) € rlf^...^ ^ 0}. 
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Now for r £ R define 

ord Ml ,...,M n ( r ) = ordr(f), 

and for P € E define 

ordMi,...,Af„(-P) = min{(ordMi,...,M„(n) G T}. 

Below we will write z 1 (d 1 ) instead of z\ x . . . z % ™ ( c^ 1 . . . d l ™ ) for a multi index 1 = . . . , i n ) . 
For P € E denote by P(0) the image of P modulo M in V . 

Note that ordjy/, ord^, ordj^ ^ are (pseudo)-valuations. 

Proposition 2.1. If Wo = fcfzj -1 , . . . , z" 1 ] C V then D C E is characterized as D = {A E 
E\W A C W } • 

Proof. Clearly, D C {^4 € P|Wo^4 C Wo} . For A £ E denote by A+ the sum of all monomials 
in A belonging to D , and set A_ = A — A + .It A E E and A £ D then A_ ^ . In this case 
we have 

^ z -OTd Ml> ..., Mn (A-) A _ = 9 ord Afl ,..., Mn (^-)(A_)(0) i W , 

where the equality holds since <9 1 (A_)(0) = for i < ord M i,..,M„(^-) • Since z ~ 0ldM f -,M n (.A-) A+ £ 
Wq , we obtain 2:~ ordM i>- - M "( A -^ ^ Wo . So, if A preserves W , ^4 must be in D . □ 

2.1.5 Completion 

Consider a ring R endowed with a M -adic topology ( M ideal in R ) which is complete: 
R = lim n>Q ( J R/M n ) . 

If N C D is a subalgebra we define for each sequence in MD , {P n ) n eN > such that P n (R) 
converges uniformly in R (i.e. for any k > there is TV > such that P n (R) C M fc for 
n > N ) & k -linear operator P : R —> R by 

n 

P(/) = lim ^:=E P « 

n— >oo -u=o n 

(this might be no longer a differential operator). 

Denote by N the algebra of these operators. One can easily check that it is associative. 
We also define 

Dn = algebra generated by N and D . 

If (xi, . . . , x n ) is a coordinate system and M = x\R + . . . + x n R we can consider the algebra 
D m := D N given by N = R[di, ...,d m ). 

The operator P in D m is uniquely defined by the sequence p^...^ = P^ 1 . . . x l ™ /i\\ . . . i m \) . 
The elements of D m correspond precisely to those sequences (p 1 = fti...j m ) l£ N m which converge 
to zero in the M-adic topology for |i| = i\ + . . . + i m — > oo . Namely, 

(a) <— ► p = Vft^i 1 ... ^ = lim ( V p^i 1 . . . ajr). 

» — ' n— 5>oo * — » 
i |i|<n 

Then we define 

D min - m = algebra generated by D m and £> = D m [d m+ i,. . . , d n ] 
and in the usual way 

P m ,„_ m = ^ m ((5- x +1 )) • • • ((O) d R[di, d m ]((d^ +1 )) . . . ((d- 1 )) = P m „ 
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Example 2.1. Let's give another description of the rings D m , D m ^ n _ m in the case we will 
be interested in this paper. Namely, let R = /c[[xi,X2]] • Then the coordinate system in R is 
(x\,X2) and M = (xx,xz) is a maximal ideal. Then define the set 

D\ = {a = a q df \a q € A;[[xi, X2]] and for any JVgN there exists n£N such that 

ordjvf(am) > N for any m > n}. (1) 

Define 

Di,i=D 1 [d 2 ] 1 Ki = Di((d2 1 ))- 
Lemma 2.1. The sets D\ C D\.\ C E\\ are associative rings with unity. 

Proof. Obviously, the set D\ is an abelian group. The multiplication of two elements is defined 
by the following formula: for two series A = ^2 q>0 a q d\ , B = J2 q >o ^1^1 

AB = ^2g q df, where g q = ^ ^ C l k a k d[{b q+l _ k ), 

g>0 k>0 l>0 

where we assume bi = for i < . Each coefficient g q is well defined, because for each N 
there are only finite number of a k with ordM(flfc) < N and for each k there are only finite 
number of Cl 7^ . 

For any N there is n such that ordj\/(a m ) > N for any m > n , and there is n± such that 
ordM(^m) > N + n for any m > n± . Then for any q > n\ + n and any k < n , < I < k we 
have OTdM(d[(b q+ i-k)) > ordM(^+z-fc) — 1>N. Therefore, ordju(5(j) > N for any q>n\ +n . 
So, the multiplication is well defined in D\ . The distributivity is obvious, and the associativity 
can be proved by the same arguments as in [271 ch.III, §11]. 

The proof for Di i,Ei x is the same. □ 

The action of E m ^ n _ m on V = k((z\)) . . . ((z n )) does not extend to an action of E m ^ m 
on V , but partially it extends. To explain this we introduce the notion: 

Definition 2.5. Terms of v = Y^fa i n ) v i\---i n z% \ • • • z tT are *he elements f^...^^ 1 . . . z l ™ with 
Vii...i n 7^ , we order them by the anti lexicographical order on T , ordr(z^ 1 • • • z 1 ™) = . . . , i n ) . 
Each v has a lowest term LT(u) (term of lowest order) whose order is called the T -order of 
v , ordr(u) . 

Note that ordr on V is a discrete valuation of rank n . For an action of E on V we have 

ordr(u-P) > ordr(f) — ordr(-P) 

with equality if and only if HT(P) has an invertible coefficient in R . 
Recall one definition from the theory of multidimensional local fields: 

Definition 2.6. Starting with the discrete topology on the field k we define a topology on the 
space V iteratively as follows. 

If F = k((zi)) . . . ((zk-i)) has a topology, consider the following topology on K = F((zk)) ■ 
For a sequence of neighbourhoods of zero (Ui) ie z m F 1 Ui = F for i , denote Ur^x = 
{Y aiZ l k : a,i G Ui} . Then all Uryri constitute a base od open neighbourhoods of zero in F((zk)) ■ 
In particular, a sequence = Y °>\ z i tends to zero if and only if there is an integer m such 
that £ z^i^fzfc]] for all n and the sequences tend to zero for every i . 
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Now consider the following closed subspaces in V : 

W m ,n-m = k[z± \ . . . , Z' 1 } ((z m +l)) • • • ((z n ))- 

One can easily check that the action of E m ^ n _ m on W m ^ n - m extends to the action of E m ^ n _ m 
in the same way via the isomorphism i? mj „_ m /Mi? m)ri _ m ~ k[z^ , . . . , z~ 1 ]((z m+ i)) . . . {(z n )) . 
At the same time, the action of E m , n - m on say <9-f 1 (if m > 1 ) is not correctly defined. 

Remark 2.2. Note that the elements of the ring D m ^ n _ m can be viewed as "extended" differ- 
ential operators, because they act on the elements of the ring R in the same way as the usual 
differential operators. 

We note also that the ring D m n _ m has zero divisors (see examples in |19j). 

Proposition 2.2. We have b mt n-m = {A e E mtn ~ m \WoA C Wo} (here Wo = k[z^ x , . . . , z^ 1 ] C 

^^m,n—m )■ 

The proof is the same as the proof of proposition 12.11 
2.1.6 Further remarks 

In this section we would like to make several comments on our definitions of rings and subspaces 
introduced above. 

In case of dimension one, i.e. for the rings of ordinary differential operators D and pseudo- 
differential operators E , the classical KP-theory deals with a decomposition E = E + © E- , 
where E + = D . This decomposition is used then to define a KP system and develop the KP 
theory. 

In [30] Parshin introduced an analogue of the classical KP system in higher dimensions using 
an analogue of the decomposition above. This system and its modifications studied later in |41j . 

Let's illustrate how our rings are related with a decomposition of the ring E in two dimen- 
sional case. Consider the ring E = k[[x\, ^2]]((9r 1 ))((^2 _1 )) • 

Definition 2.7. We define a vector space W\ as a closed vector subspace in the field 
k({z\))({z2)) generated by monomials , n < , n,m € Z . 

Now we want to define the decomposition: 

E = E l + © E l _. 

Definition 2.8. We define the " + " part E+ ( I -differential operators) as follows: 

E l + = {Ae E\WiA C Wi}, 

the " - " part: 

E l _ = k[[ Xl ,x 2 ]]d^[[d^]]((d^)) 
Lemma 2.2. The set E\ is an associative ring with unity; E\ = 22]] [^i]((^ 1 )) • 

Proof. The first claim follows from the second. 

The set E, is, obviously, an Abelian group. It is a monoid under the multiplication in the 
ring E , because for any elements A,B£ E l , and for any w G Wi w{AB) = (wA)B € W\ . 

The associativity and distributivity of the multiplication follow from the corresponding prop- 
erties in the ring E . Clearly, fc[[xi,X2]][9i]((3^ -1 )) € E l + . 

The rest of the proof follows from the following two lemmas. 
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Lemma 2.3. The set E_ is an associative ring. A non-zero operator from this set does not 
belong to E l , . 

Proof The proof of the first statement is clear. The proof of the second statement is analogues 
to the proof of proposition 12. 1[ 

Lemma 2.4. There exists a unique decomposition 

E = E l + ®E l _ 

The proof is clear. 

In particular, we obtain that E l + = E\ t \ . Further we will often write E+ instead of 
E l + and E\ \ , and E + instead of E\j_ . Also we will write D instead of Z?i,i . 

2.2 An analogue of the Sato theorem in dimension 2 

We consider in this section the ring E = fc[[xi, X2]]((9^ 1 ))((<9 2 ~ 1 )) . 

Recall the definition of the support of a fc-subspace in the space k{{zi)){{z2)) ■ 

Definition 2.9. ([43]) The support of a /c-subspace W from the space k({z\)){{z2)) is the 
closed fc-subspace Supp(W) in the space k((zi))((z2)) generated by LT(a) for all a G W . 

In dimension 1 there is the Sato theorem (see for example [23], appendix) that describes the 
correspondence between points of the big cell of the Sato grassmanian and operators from the 
Volterra group. We can prove the following analogue of this theorem in dimension two. 

Theorem 2.1. For any closed k -sub space W C k[z^ l ]{(z2)) with Supp(W) = Wo = 
k[z7 , z^ 1 ] there exists a unique operator 5 = 1 + 5~ , where S~ G Z)i[[c^ ]]c^ , such that 
W S = w . 

Proof. Note that any operator 5 = 1 + S~ , where 5~ G l)i[[c^ ]]do , is invertible, 5 _1 = 
1 — 5~ + (5~) 2 — . ... If we have two operators Si, 52 of such type, then S1S2 — I £ DiHd^ 1 ]^^ 1 ■ 

Uniqueness: if there are two such operators, 5, 5' , then Wo = Wo5'5 _1 , hence by proposi- 
tion 5'5~ 1 G D . So, S'S' 1 = 1 . 

Existence: For any (k,l) G Z + © Z + we must have z^z^S G W . From definition of the 
action we have 

2fV* = #^0s)(o) + £, (2) 

where ^ s the finite sum of elements of the following type: const ■ z7 m z7 n di^d^S)^)) with 
m < k , n < I , p < k , q < I and m + p = k , n + q = I . 

Let's call the series did l 2 (S)(0) by the (k, I) -slice of 5 . Note that 5 is uniquely defined by 
its (k, I) -slices for all k, I > : namely, the (k, I) -slice is the series of coefficients at x\x\ , 

oo oo 

5 = EE a; i^2(5)(o). 

k=0 1=0 

From ([2]) follows that the (k,l) -slice of 5 is uniquely defined by the element z7*z7, S € W 
and by the (p, q) -slices with (p, q) < (k, I) . 

We know that ordr(z7 k Z2 S) = (k,l) . We can take a basis {wij,i,j > 0} in W with the 
property = z7 l z 2 ~ :1 + ■w l ~ J - , where w7j G fc[z^~ ][[z2]]#2 (note that such a basis is uniquely 
defined). Then, on the one hand side, we have 

z i ^"2 ^ = ^ ] ®i,jWij, bij G A;. 
o<(t,j)<(fc,0 
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On the other hand side, we have 

^2= a hJ Z l lz 2 J +X/ Where € k[z^ l }[[z 2 ]\z 2 , 

0<(i,j)<(k,l) 

and 0f4(5)(O) G Jfc[«f 1 ][[z 2 ]]«2. So, we must have &jj = aij , and therefore the element 
z~^ k z^ 1 S is uniquely defined by Yl ■ 

So, starting with (k, I) = (0, 0) , we find first the (0, 0) -slice, then, by induction, we find 
the (k, 0) -slice for each k > , and then, again by induction, we find the (k, I) -slice for each 
(k, I) . □ 

2.3 Several facts about partial differential operators 

Further we will need several technical statements about rings of differential operators. For con- 
venience we'll recall several known facts in the next subsection. 

2.3.1 Characteristic scheme 

If J C D is a left ideal we get a homogeneous ideal (<Tj(P),P € J) in gr(D) and a subscheme 
defined by this ideal in either Spec(gr(D)) or Proj(gr(P)) . Both are called the characteristic 
subscheme Ch(J) . We consider the characteristic subscheme in Proj(<7r(P)) . 

If we have a coordinate system, we get Proj(<7r(P)) = Proj(P[£i, . . . , £ n ]) = Spec(P) x fc 
P^ 1 . Consider the case of the ideal J = PD , where P is an operator with ord(P) = m . If 
o~ m (P) £ k[£i, . . . , £ n ] we say that the principal symbol is constant. In this case the characteristic 
scheme is essentially given by the divisor of zeros of o~ m (P) in P" , we call it Ch (P) . It is 
unchanged by a k -linear change of coordinates. 

Lemma 2.5. If Pi,...P n are operators with constant principal symbols (with respect to a 
coordinate system {x\, . . . , x n ) ) and if det(dcr(Pi)/d£j) ^ then any operator Q with [Pi, Q] = 
, i = 1, . . . ,n has also a constant principal symbol. 

Proof. We have 

= {a(P), a(Q)} = £ ^p)ldMQ)) 

for i = 1, . . . ,n. Since det(da(Pi) /d£j) G ■ •• ,£ n ] is not zero, we infere dj(cr(Q)) = for 
j = 1, . . . n , hence Q has constant principal symbol with respect to (xi, . . . , x n ) . □ 

Proposition 2.3. If Pi,...,P n 6 P are commuting operators of positive order with constant 
principal symbols with respect to coordinates {x\, . . . , x n ) , and if the characteristic divisors of 
Pi, . . . ,P n have no common point (in P™ -1 ) ; then there hold 

1. If B is a commutative subring in D containing Pi, . . . , P n then gr(P) C . . . , £ n ] ■ 

2. Any such subring is finitely generated of Krull dimension n , and also gr B is finitely 
generated of Krull dimension n . 

Remark 2.3. The items 1 and partially item 2 follow from [5j Ch.III, §2.9, Prop. 10]. The 
item 2 was proved in p3] by Krichever in connection with integrable systems. We give here an 
alternative proof in the spirit of pure commutative algebra. 

In section 13.11 we will show that in fact there is a unique maximal commutative subring in 
D under assumptions of lemma. 
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Proof. If rrii = deg(Pj) and Q € P n P m then 

= {^(P),^)} = dUm Q^ l) dv{Vrn{Q))- 



v=l 



But (a mi (Pi), . . . , cr m „(P n )) : A n ->• A n is a finite covering, so det^cr^P)/^) / . There- 
fore, o~ m (Q) must have constant coefficients. 
Now we have 

k[* mi (P 1 ),...,* mn (P n )] Cgr(P) C fc[£i,...,£ re ]- 

But fc[£i, . . . , £ n ] is finitely generated as k[a mi (Pi), . . . , cr m „ (P n )] -module, hence gr B is finitely 
generated of Krull dimension n . 

It will be useful to introduce the analogue of the Rees ring B constructed by the filtration 

on the ring B : B = (J) B n . The ring B is a subring of the polynomial ring B[s] . For the fields 

n=0 

of fractions we have QuotP = Quot P[s] . Besides, grP = P/(li) , where by li we denote the 
element 1 € Pi . Using [5l Ch.III, §2.9, Prop. 10] one obtains that P is finitely generated as 
/c -algebra and the generators of P together with the element li generate the algebra P . Hence 
we can compute the Krull dimension of the ring P : 

dimP = trdegQuotP = trdegQuotP — 1 = trdeg Quot (P/(li)) = trdeg Quot(gr P) = n, 

since (li) is a prime ideal of height 1 in the ring P by Krull's height theorem. □ 

2.3.2 Case of dimension 2 

From now on we consider a complete A; -algebra R = k[[xi,X2\] with a coordinate system 
(xi,x 2 ) . 

Lemma 2.6. Let P,P\,Q be elements of D of order m,k,n respectively, all with constant 
principal symbols. Assume k is an algebraically closed field. 

1. If there exists a point p € SuppCho(Q)\(SuppCho(P) U SuppCho(Pi)) which is simple 
in Cho(Q) , then there exists a linear change of coordinates (2:1,2:2) = ( x \j x 2)( a ij) such 
that in the new coordinates 



^)=r+E^ ,M . ( 3 ) 

q=l 

fJfc (Pi) = aoC 2 ' £ + E a ^2 fc " 9 , (4) 

q=l 
n 

^(g) = e^ n " 1 + E^ n " 9 , (5) 

q=2 

where h q , a q ,l q G k , ao 7^ . 

2. If the function o~ n (P) m / o~ m (Q) n is not a constant, then for almost all a € k the triple 
P,Pi,Q a = Q n + aP m satisfies the assumptions of item\^ 

Proof. [TJ Let F,Fi,G be the principal symbols of P,P±,G expressed in coordinates £1,^2 • 
Then the point p has coordinates say (021 : 022) and P(ct2i, a22)Pi(«2i, (J22) ^ 0. We can 
choose (021,022) such that P(a2i, 022) = 1 ■ 
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We can choose (an, 012) such that det(ajj) 7^ and 

da da 
— (021,022)011 + 77^(021,022)012 

C?l 0*42 

(since (J^(a 2 i, a 22 ), J^(a 2 i, 022)) / (0, 0) as (a 2 i = 022) is a simple root of G 



With the coordinate change 



( X1 , X2 ) = (x[, x ' 2 ) ( y y ) , (6,6) = ( 

V a 21 a 22 / V 



an ai 2 

021 022 



we get 

a m (P) = F(&,&) = F(an^+a 2 i^,ai2C'i + a 22 Q 

(and similar expressions for ak(Pi) , a Tl (Q) ) and F(0, 1) = F(a 2 i,a 22 ) = 1, Fi(0, 1) = 
^1(021,032)^0, G(0,1) = 0, 

8G /n ^ dG, v SG, 

^7~(°> *) = ^(021,022)011 + — (021,022)012 = I. 

o£i 56 96 

So, a m (P) is a monic polynomial in £ 2 , Ofc(-Pi) is a monic polynomial in £ 2 U P to non-zero 
factor, and a n (Q) = £[H £2) with .ff monic in £ 2 . 

EJ By hypothesis F n /G m is not constant, so if H = GCD(F n , G m ) and F n = FiH , 
G m = G\H then deg.Fi = degGi = N > . Since F\,G\ are coprime, the polynomial 
Gi + tF\ £ A;[6,6,^] is irreducible and defines an irreducible curve C C P x A , and the 
projection to A 1 defines a finite N : 1 covering C — > A 1 . 

The fibres C a over a £ /c are divisors on P 1 , which are reduced for a £ A 1 \S' , S the finite 
branch locus of C -> A 1 (cf. [HI cor. 10.7, ch.III]). Also, for a^,we have C tt n^ = l, 
since F\,G\ have no common divisor. 

Hence there is a finite set T C A 1 such that for no point a € A X \T C Q meets the finite set 
SuppCho(P) U SuppCho(Pi) . So, for a £ A 1 \(S' U T) all points of C a have multiplicity one 
and C a is disjoint to Supp(Ch (P)) U Supp(Ch (Pi)) . Since Supp(Ch (#)) C SuppCh (P) , 
C a is also disjoint to Supp(Cho(-ff)) • 

Since G m + aF n = a mn (Q m + aP n ) = (d + aF x )H , any point of C a C Ch (Q m + aP n ) 
satisfies the condition of item [TJ □ 

Definition 2.10. For a commutative ring B of operators, B C D , we define numbers iVg , 
Nb as 

iV B = GCT>{ord(a), a £ 5}, 
iVe = GCD{q(a), a £ i? such that ordr(a) = (0,g(a)) and ord(a) = q(a) }. 

Definition 2.11. We say that a commutative ring B C D is strongly admissible if ./V^ = Nb 
(cf. also definitions 13.61 l3?8l) . 



Proposition 2.4. Lei B be a commutative ring of differential operators, B C D , k is an 
algebraically closed field, such that B contains two operators P, Q of order m, n with constant 
principal symbols and such that a m (P) n / a n {Q) m is a non constant function on P 1 . 

Then there exist a k -linear change of coordinates as in lemma \2lK such that Nb = Nb ■ 

Proof By lemma 12.61 we can assume without loss of generality that operators P, Q satisfy (|3]) , 
([5|) from the statement of lemma !2.6l Let X be an operator such that GCD(ord(X), ord(P)) = 
Nb- 
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By lemma [231 the symbol sx of X is a homogeneous polynomial with constant coefficients. 
Now by lemma 12.61 we obtain that there exists a and a change of coordinates such that the 
symbols SQ a , sp,sx , where Q a = aQ n + P m , satisfy 

Sp — 2 + ... , Sx — 2 + ... , SQ a — O x 2 + 

Clearly this is the needed k -linear change of variables. □ 



2.3.3 Growth conditions 

In this subsection we give several new definitions and technical statements. 

Definition 2.12. We say that an operator P G E+ has order ordr(-P) = (k,l) if P = 
Et=-ocPs<9f , where p s G b\ , pi G k[[xx, x 2 ]][d 1 ] = D\ , and ord(p z ) = k . 

We say that an operator P G E + , P = J^Pij^i^i with ordr(-P) = (k,l) satisfies the 
condition A a , a > if 



(A a ) ord M (pij) > 



if i < a(l - j) + k 

i — a(l — j) — k otherwise 



In this case and if a^O we define its full order as ford(P) := k/a + l . 

We will say that an operator Q G E + , Q = ^2 Qij^ldi satisfies the condition A a for order 
(k,l) if A a holds for all qij . 

Definition 2.13. We say that an operator P G E + , P = YlPij^l^i with ordr(-P) = (k, I) 
satisfies the strong condition A a , a > if 

(B a ) pij = for i> a(l - j) + k. 

We will say that an operator Q G E + , Q = Qijd\di satisfies the strong condition A a for 
order (k, I) if B a holds for all qij . 

Definition 2.14. We say that an operator P G E + , P = J^Pij^l^i with ordr(-P) = (k, I) 
satisfies the super strong condition A a , a > if 

(C Q ) pij = for i> a(l - j) + k 

and the highest coefficient of the differential operator Pi j IS 8l constant. 

We will say that an operator Q G E + , Q = J^Qij^l^i satisfies the super strong condition 
A a for order (k,l) if C a holds for all . 

Remark 2.4. Clearly, we have the following implications: C a => B a =>■ A a . 

Remark 2.5. It is easy to see that if P G E + satisfies the condition A a or strong A a , then 
it satisfies the condition A K or strong A K for any k > a . 

Definition 2.15. Assume P G D\ , P = ^2p s df is an operator with the following condition: 
there exists a number f(P) such that ordjv/fe) > s — f{P) if s > f(P) ■ Then we say that P 
satisfies the condition AAj^p-j . 

Definition 2.16. Assume P G D\ , P = ^2 s >QPsdf is an operator with the following condition: 
there exists a number f(P) such that p s = if s > f(P) ■ Then we say that P satisfies the 
strong condition AA^p-j (or BBf^p-j ). 
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Definition 2.17. Assume P £ D\ , P = ^2 s >oP s d± is an operator with the following condition: 
there exists a number f(P) such that p s = if s > f(P) and Pf(p) £ k . Then we say that P 
satisfies the super strong condition AAj^ (or CCj(p) ). 

Remark 2.6. It is easy to see that if P £ D\ satisfies the condition AA K or the (super) strong 
AA K , then it satisfies the condition AA K i or the (super) strong AA K i for any n' > k . 

Remark 2.7. Note that P £ P+ , P = X^Ps^f satisfies A a or (super) strong A a if and only 
if its coefficients p s satisfy the conditions ^4 a (/ord(P)-s) or (super) strong AA a ^ ord ^_ s ^ 
correspondingly. 

Analogously, P satisfies A a for (k, I) or (super) strong A a for (k, I) if and only if its 
coefficients p s satisfy the conditions AA a ^_ s -j +k or (super) strong AA a n_ s \ + ^ . 

Note also that if P satisfies A a for (k,l) then it satisfies A a for any pair (ki,l\) such 
that l\ + k±/a = I + k/a . The same is true for (super) strong conditions. 

Lemma 2.7. Assume Pi,P 2 £ D\ satisfy the conditions AAftp^^AAffp^ correspondingly. 
Then P1P2 is an operator satisfying the condition AAfrp^+ftp^ . 

The same assertion is true for P±,P 2 £ D\ satisfying strong or super strong conditions. 

Proof. It suffices to prove lemma for Pi = Pid\ . Let P2 = ^2p 2 ,jd{ and P1P2 = SfcLo x fc^i ■ 
We have 

i 

PiP 2 =^2PiCidi(p 2 )di- j 
3=0 

whence 

ord A /(a; / (p l)+/( p 2)+i ) > min{ordju(Pi) + OTd M (j>2,f(P 1 )+f(P 2 )+l+j-i)}- 
If i < /(Pi) , then /(Pi) + /(P 2 ) + l+j-i> /(P 2 ) + I , whence 

ord M (Pi) + OTd M (p 2 ,f(p 1 )+f(p 2 )+i+j-i) > I 

for any j . 

If i > /(Pi) , then 

ord M (Pi) + oTd M (P2j(P 1 )+f(P 2 )+i+j-i) > i ~ f( p i) + f( p i) + l+j-i>l 

for any j . So, ord M (a;/(p 1 )+/(p 2 )+j) > * • 

The statement for (super) strong conditions is obvious. □ 

Lemma 2.8. Assume Pi,P 2 £ E + satisfy the condition A a with a > 1 /or (fci, Zi) and 
(k 2 ,l 2 ) respectively. Then P1P2 satisfies the condition A a for (kx -\- k 2 ,li -\- 1 2 ) . 

In particular, if P\,P 2 satisfy the condition A a with a > 1, then P1P2 satisfies the 
condition A a and ordr(Pip2) = ordr(Pi) + ordr(P2) • 

The same assertions are true for P\,P 2 £ P+ satisfying (super) strong conditions. 

Proof. We'll prove the assertions in (super) strong and not in strong cases simultaneously. 

It suffices to prove lemma for the product of two summands of Pi, P2 , say p k d\ , pid\ , since 
any summand in Pj satisfies A a for (ki,li) , i = 1,2. We have 

00 

(Pkd^ipA) = Cip k di(Pi)d k 2 +l ~ J . (6) 
3=0 

Note that p k satisfies the condition AAfi pk ^ , where /(pt) = ct(h ~ k) + fci , pi satisfies the 
condition AAj^ , where /(pi) = a(l 2 — I) + k 2 . Note also that d^ijPi) satisfies the condition 
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AAf( pi -j in the (super) strong case and it satisfies the condition not in the strong 

case. So, by lemma Owe have f{jPk& 2 (vi)) = f (pk) + f (<%(pi)) < a(l 1 + l 2 -(k+l-j)) + k 1 + k 2 , 
whence each summand of © satisfies the condition A a in definition 12.121 for (k± + k 2 , h + h) ■ 
Hence, the same is true for P1P2 ■ 

Clearly, ordr(i a i-f 5 2) = ordr(Pi) + ordr(-P2)- If Pi satisfy A a , then they satisfy A a for 
ordr(-Pi) • Therefore, P1P2 satisfies A a for ordr(-Pi-P2) , i.e. P\P-i satisfies A a . □ 

Corollary 2.1. If the operator 5 = 1 — S~ , where S~ G ^lfl^ 1 ]]^ 1 , satisfies the condition 
A a or (super) strong A a with a > 1 , then the operator S^ 1 also satisfies it. 

Proof. It follows from the proof of lemma [2.8l since ordr(S') = (0,0) and 5 _1 = l+X^i^") 9 • 

□ 

Corollary 2.2. Consider the set 

U a = {P G E+\ there exist (k,l) G Z + ©Z such that P satisfies A a for (k,l) } C E + . 
It is an associative subring with unity. 

Proof. Take P\,P 2 G U a . By lemma ESI we have P 1 P 2 G n a . We also have Pi + P 2 G II a , 
because Pi + P 2 satisfies A a for those pair (k{,li) , i = 1,2, where the value of U + ki/a is 
greater (cf . also remark I2.7H . So, n Q is an associative subring of E+ with unity 1 . □ 

Lemma 2.9. Let P, Q G D C E + be commuting monic operators such that ordr(i-*) = (0, k) , 
ordr(Q) = (1,0 • Then 

1. There exist unique operators L\ G E + , L 2 G E + such that L 2 =P, L\L 2 = Q, 
[Li,L 2 ] = 0. 

2. If P,Q satisfy the condition A a with a > 1 then L\,L 2 satisfy the condition A a . 

3. If P,Q eD then L X ,L 2 G E + n E . 

4- If P,Q G D satisfy the (super) strong condition A a with a > 1 then L±,L 2 satisfy the 
(super) strong condition A a . 

Proof. [TJ We can find each coefficient of the operator L 2 = d 2 + uq + u_\d 2 l + . . . step by step, 
by solving the system of equations, which can be obtained by comparing the coefficients of P 
and L 2 : 

ku =p k - 1 , ku-i+F(u ,...,U- i+ x) =p k -!-i, (7) 

where F is a polynomial in uo, . . . , and their derivatives. Clearly, this system is uniquely 

solvable. So, the operator L 2 is uniquely defined. Note that L 2 is invertible element, L^ 1 G E + 
and ordr(-^^ 1 ) = (0, —1) . Therefore, L\ = QL 2 l is also uniquely defined. 
The same arguments show that item [3] is true. 

[2]and[H We'll prove the assertions in (super) strong and not in strong cases simultaneously. 

It follows from ([7|) that uo satisfies A a for ordr(-^2) or, equivalently, by remark [2771 uo 
satisfies AA a . Assume that F(uq, . . . ,u-i + \) in ([7]) satisfies AA a ^ +i -j . Then by ([7]) U-i will 
also satisfy ^4Aj(i+i) • Let's show that F(uq, . . . ,n_j) satisfies ^L4 a (2+i) • 

We have 

L\ = (d 2 + u + . . . + u- i d 2 i ) k + u- i ^ 1 d 2 i ~ 2+k + higher order terms. 

By lemma 12.81 and remark 12.71 the operator (d 2 + uq + . . . + u-id 2 l ) k satisfies A a . But 
F{uq, . . . ,U-i) is a coefficient at d 2 l ~ 2+k of this operator. So, it satisfies AA a ( 2+i ) by remark 
I27fl 

Now by induction we obtain item [2] and U] for L 2 . The operator L\ satisfies A a by lemma 
ES and corollary O □ 
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2.3.4 Quasi elliptic rings of commuting operators 

Motivated by this lemma and by lemma 12.61 we'll give the following definitions: 

Definition 2.18. The ring B C E + of commuting operators is called quasi elliptic if it contains 
two monic operators P, Q such that ordr(-P) = (0,k) (see definition 12. 12j) and ordr(£) = (1,0 
for some k, I € Z . 

The ring B is called a -quasi elliptic if P, Q satisfy the condition A a . 

Definition 2.19. We say that commuting monic operators P, Q € E + with ordr(-P) = (0, k) , 
ordr(Q) = (1,0 are almost normalized if 

fc-i l-l 



P = dl+ Y Psdl Q = did l 2 + Y, 1sd s 2 , 



where p s , q s € D\ . 

We say that P, Q are normalized if 

fc-2 l-l 

P = dl+ Y P* d 2 Q = did l 2 + Y ^d s 2 , 

s=— oo s=— oo 

where p s ,q s € D\. 

Lemma 2.10. For any two commuting monic operators P,Q £ D with ordr(-P) = (0, k) , 
ordr(Q) = (1,/) we have 

1. (a) There exists an invertible function f £ k[[x i, x 2]] such that the operators f~ l P f , f~ l Qf 

will be almost normalized. 

(b) There exists an operator S = f + S~ , where S~ € D\di C E + and invertible 
f G &[[;ci, X2]] , such that the operators S~ 1 PS, S~ 1 QS will be normalized. 

(c) If Si is another operator with such a property, then S~ 1 Si € k . 

2. (a) If P,Q satisfy the condition A a , then the almost normalized operators in [To] also 

satisfy A a . 

(b) If P,Q satisfy the condition A a with a = 1, then S in [75] satisfies the condition 
A a . In this case the normalized operators in 1 1 b\ also satisfy A a . 

Proof. First let's show that there exists a function / £ /c[[xi, £2]]* such that 

fc-i 1-1 

r 1 pf = d k 2 + Yp'sdi, r 1 Qf = d l d l 2 +Yi'sd s 2 . (8) 

s=0 s=Q 

Let Q = ^1=0^^1 an d Qi = d\d l 2 + g ■ Then easy direct computations show that for any 
function / € k[[xi, x 2 ]]* we have 



fc-i 1-1 



r l Pf = d k 2 +Yp's 9 2> r x Qf = + r'diiD+g) + Y^ d 2 



s=0 s=0 



with some coefficients p' s ,q' s G D\ . Hence, we can find a needed function in the form / 
exp(- / gdxi) . 
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So, we have reduced the problem to the operators P, Q that look like the right hand side 
in flSJ). Analogously, we can find a function / G ^[[^2]]* such that, starting with the operators 
P, Q that look like the right hand side in ([8]), we'll have 



fc-l l-l 



r 1 pf = d$+Y,p' s d s 2, r 1 Qf = did l 2 +Y / i'sd s 2 , (9) 



s=Q 



where the element p'u_i has no free term. Again, direct computations show that for any function 
/ £ ^[[^2]]* we have 



k-l 1-1 



r l pf = d\ + J2p's9 s 2, r l Qf = 4(<9i + r^i(/) +g) +I>^i 



s=0 



where p' k _ l = Pk-i + kf~ 1 d2(f) (note that / commutes with p s ). Since [P,Q] = , we must 
have di(pk-i) = . Hence, we can find a needed function / G MI X 2]]* ' 

Note that any function / G /c[[xi,X2]]* that preserves two operators of the form ([9]) must 
be a constant. It follows immediately from the formulae above. 

So, we have reduced the problem to the operators P, Q that look like the right hand side in 
0. Let's show that there exists an operator S = 1 + S~ , S~ G D\d\ such that 

k-2 l-l 

5-^5 = ^ + J>' s df, s- 1 QS = d 1 d 2 + Y,q' s d s 2- (10) 

s=0 s=0 

Since d\{pk-i) = , we may look for an operator S such that d\{S) = . Direct computations 
(note that S commutes with Pk-i ) show that for such an operator we have 

k-2 l-l 

S^PS = d\ + (p fc _! + kS~ 1 d 2 (S))dt 1 + Y.Ps d 2> = ^ + £ q'sdl 

s=Q s=0 

Hence, we can find a needed operator in the form S = exp(— j p\ z _\jkdx 2 ) . Since Pk-i has no 
free term, di{pk-i) = 0, and there is (— J pk-i/kdx 2 ) with ordA/ 2 (— J pk-i/kdx 2 ) > 0, this 
exponent is well defined, and S G D\ . 

Note that an operator S that preserves normalized operators P, Q must be an operator 
with constant coefficients. It follows easily from the calculations above. Since it is invertible, it 
must be a constant. Summing all together, we obtain the proof of items [Tl [Tel 

The proof of I2al follows immediately from lemma [2751 

To prove I2bl let's note that, by remark 12.71 the coefficient Pk-i satisfies AA a . Hence, 
(— J pk-i/kdx 2 ) above satisfies AA a ^i . Since in our case a = 1 , we obtain that S satisfies 
AAq as a sum of operators satisfying AA , because (— f Pk-i/kdx 2 ) s satisfies AA by lemma 
12.71 It follows then that S satisfies A a . The rest of the proof follows from lemma 12.81 and 
corollary 12.11 □ 

Lemma 2.11. Let L±,L 2 G E + be commuting monic almost normalized operators with 
ord r (L 2 ) = (0,1) , ord r (Li) = (1,0) ; 

00 00 
Li = + v q d 2 q , L 2 = d 2 + ^2 u q d 2 q . 

q=l q=0 

Then 

1. (a) There exists an operator S = 1 + S~ , where S~ G ^[[cfcT 1 ]]^ such that S~ 1 d\S = 
L\ , S~ 1 L 20 S = L 2 , where L 20 = d 2 + u ■ 
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(b) If Si is another operator with such a property, then S 1 Si G k[di]((L 2 Q)) ■ 

2. If Li, L 2 G E+ n E , then S G E + n E . 

3. (a) If L\,Li2 satisfy the condition A a with a > 1, then there exists S satisfying the 

condition A20L-1 ; in particular, if a = 1 , then S satisfies A a . 

(b) If Si is another operator with such a property, then S~ 1 Si G A:[5i]((L^ 1 )) and 
satisfies j4 2q _i ■ 

Proof, [la] It suffices to prove the following fact: if 

00 00 
Li = di+y^Vgd^, L 2 = d2 + u + '^2u q d2 q , [Li,L 2 ]=0, 

q=k q=k 

then there exists an operator S k = 1 + s^d^ such that 

00 00 
S^LiS k = di+ ^2 v q d 2 q , 5fc%5* = ^ + «o+ Yl U 'A 

q=k+l q=k+l 



1 

2 • 



Indeed, if this fact is proved, then S 1 = Yl^Li Sk > where Si is taken for given L\, L2 , S 2 
is taken for S^ LiSi,Si L 2 S\ , and so on. 

To prove the fact let's note first that, since [Li,^] = , it follows c^C 1 ^) — 9i(u k ) + [uo, v k ] = 
and di(u(j) = . After that, 

s^diSk = di + s^di(s k ) = di + di( Sk )d2 k + ..., 

S k 1 L 20 S k = d 2 + S^d 2 {S k ) + S^uoS k = 8 2 + (d 2 (s k ) + [u , s fc ])9 2 - fc + . . . , 
whence s k can be found from the following system: 

di(s k ) = -v k d 2 (s k ) + [uo, s k ] = -u k . (11) 

This system is solvable, because d2(v k ) — di(u k ) + [uq , v k ] = and di(uo) = and all coefficients 
of u k ,v k belong to £;[[xi,x 2 ]]. 

flbl If Si is another operator with such a property, then we must have [S Si,di] = 0, 
[S~ 1 Si, L20] = 0. Note that any element in E + can be rewritten as a series in the ring 
I?i((L^ 1 )) . So, we'll assume that S~ 1 Si is rewritten in such a way. Since [<9i,L 20 ] = 0, the 
first condition gives di(S~ 1 Si) = , i.e. the coefficients of 5'~ 1 5i don't depend on x\ . 

Now let S~ 1 Si = s q^20 anc ^ assume that s k is a first coefficient such that [s k , L 20 ] 7^ 

. Then we have 

= [S~ 1 Si,L 2 o] = [s k , L2q]L^q + higher order terms, 

whence [sfc,L 2 o] = 0, a contradiction. But [s k ,L2o] = — <9 2 (s/c) ; because di(s k ) = and 
therefore [sfc,iio] = . So, we obtain that the coefficients of S^Si don't depend on x 2 . 

This means that the coefficients of S~ 1 Si must belong to k. Then from definition of the 
ring E + it follows that S^Si G A;[(9i]((L 20 1 )) . 

[2j The proof is the same as in [la] 

[3] By corollary 12.11 the proof of item [3] will follow from the proof of item [la] if we show that 
the operators S k satisfy the condition j4 2q _i • To prove this, we need to show that there is a 
solution s k of (fTTI) satisfying the condition AA( 2a -i)k . But each solution of ([TTj) can be written 
in the form 

s k = - J v k dxi + J (J d 2 (v k )dxi -u k + [u , J v k dxi])dx 2 . (12) 



18 



We know that u k satisfy the condition AA a n + f,\ and v k satisfy the condition AA a k+i ■ So, 
there is integral f Vkdxi satisfying AA ak ■ Then by lemma [2771 [uq, f Vkdxi] satisfies ^L4 a (fc+i) . 
The term j d2(v k )dxi will satisfy again AA ak+ i . Since a(k + 1) > ak + 1 , we obtain that 
the term (J d2(v k )dxi — u k + [uo, f v k dx\]) will satisfy ^L4 Q (fc+i) . Then there is an integral 
/(/ d2{vk)dx\ — u k + [uq, J v k dxi])dx2 satisfying AA a ^ l+k ^_ 1 . Since a(l + k) — 1 > ak , we 
obtain that s k will satisfy AA a ( 1+k ^__i . But (2a — l)k > a(l + k) — 1 , hence there is 
satisfying AA (2a _i) fc . □ 



3 Classification of subrings of commuting operators 
3.1 Classification in terms of Schur pairs 

Now we are ready to describe a classification of certain rings of commuting operators. In fact, 
we can do it for all 1 -quasi elliptic rings (see below). Let's show that many usual rings of 
commuting differential operators become 1 -quasi elliptic after a change of coordinates. 

Namely, consider a ring B of commuting differential operators that contains two operators 
P, Q with constant principal symbols satisfying the assumptions of proposition 12.41 The oper- 
ators P, Q satisfy the condition A± for order (k, I) and order (n, m) correspondingly, where 
k + l = ord(P) , n + m = ord(Q) . By lemma [2761 we can find in B (after an appropriate change 
of variables) two operators P, Q of special type described in this lemma (we use here the same 
notation for P, Q to point out that these operators satisfy conditions [3] and [5] of lemma 12.6) 
we hope this will not lead to a confusion). In particular they satisfy the condition Ay , and the 
ring B (after an appropriate change of variables) becomes 1 -quasi elliptic. Moreover, apply- 
ing proposition 12.41 we see that B (after an appropriate change of variables) becomes strongly 
admissible. 

Consider now a 1 -quasi elliptic ring of commuting operators B C D (see definition 12 . 18j) , 
and let P, Q be monic operators from B with ordr(-P) = (0,k) , ordr(Q) = (1,0 • By lemma 
12.91 there exist unique operators L\,L2 such that L\ = P , LyL 1 ^ 1 = Q , and these operators 
satisfy the condition A\ . 

By lemma 12.101 12bl we can assume that they are normalized. Then by lemma 12.111 there is 
an operator S satisfying A\ , and SL\S~ X = d\ , 5^2 S 1-1 = 82 ■ 

Lemma 3.1. Let X be an operator commuting with P,Q . Then it commutes also with L±,L2 ■ 
Proof. We have 

U=[P,X] = Y J Ll[L2,X\L k f l -\ 

q=0 

and HT(L^) = d\ . If [L 2 ,X] + 0, then RT([L 2 ,X]) ± (here it suffice to consider the 
highest term of an operator in Z)i((9 2 ~ 1 )) = E + with respect to 82), whence HT([P, X]) = 
kWI([L2,X))82~ l 7^ 0, a contradiction. So, [L 2 ,X] = 0. Then also [Li,X] = 0, because 
0=[Q,X} = [L l ,X}L 2 ~ 1 . □ 

Corollary 3.1. (cf. prop. \2.3\) The set of commuting with P,Q operators is a commutative 
ring. Moreover, all these operators belong to the ring Hi (see corollary 1 2. ty) . 

Proof. Indeed, if X commutes with P, Q , then it commutes with L\,L2 and therefore SXS~ l 
commutes with 81,82 , where from SXS" 1 is an operator with constant coefficients. Therefore, 
any two operators commuting with P, Q must commute with each other. 

To prove the second statement consider the space \VqS~ 1 , where Wq = (z^z^ 3 \i,j > 0) . 
Since S satisfies A\ , we have by corollary 12.11 that satisfies Ay , and by definition of 
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the action, that the element z 1 k z 2 l S 1 also satisfies A± for any k, I > 0. Note also that 
(WqS-^SXS- 1 ) C (WoS' 1 ). Since Supp^S" 1 ) = Supp(W ) , there is the unique basis 
{wij,i,j > 0} in \YoS~ 1 with the property Wij = z^ l z 2 ' > + w ij > where w^j € M z i~ 1 ][[ z 2]]z2 
and all elements wi satisfy the condition j4i . Therefore the operator wq : o(SXS~ 1 ) is a finite 
sum of Wij . So, it belongs to IIi (cf. the proof of corollary 12. 2\i and therefore SXS" 1 6 IIi by 
lemma ESI □ 

So, starting from a 1 -quasi elliptic ring B we obtain a ring of operators with constant 
coefficients A = SBS^ 1 € IIi and the space W = WoS , WA C W , with special property. 
The converse is also true: 

Theorem 3.1. Let W be a k -sub space W C /c[z ] " 1 ]((z 2 )) with Supp(VF) = Wq . Let 
{wij,i,j > 0} be the unique basis in W with the property Wij = Z\ l z 2 3 + w~j , where 
w~j € M- 2 ]" 1 ]!! 2 ^]]^ • Assume that all elements Wij satisfy the condition A a with a > 1 . 

Then there exists a unique operator S = 1 + S~ satisfying A a , where S~ € Z)i[[c^ , 
such that W Q S = W . 

Proof. We can repeat the proof of theorem 12.11 to show that in our situation S satisfies A a . 
Note that S satisfies A a if every (k, I) -slice satisfies A a for (k, I) . 

To show this we use induction on (k, I) . The (0, 0) -slice is equal wo,o > therefore it satisfies 
A a for (0, 0) . Assume that each (p, q) -slice with p < k , q < I and (p, q) ^ (k, I) satisfies A a 
for (p, q) . Then from formula [2] follows that the (k, I) -slice satisfies A a for (k, I), because each 
element Wij satisfies A a (cf. corollary 12. 2p . □ 

Corollary 3.2. Let W be a subspace as in theorem. Let A C A^zj" 1 ]^^)) be a ring such that 
WA C W . Then we have an embedding SAS^ 1 C D (here we identify the ring k[zY 1 ]({z2)) 
and , see definition \2.4\ ). 

Proof. Clearly, WqSAS' 1 C W . Then by proposition E2 SAS" 1 € D . □ 

Motivated by theorem 13.11 and lemma [2. Ill we'll give the following definitions: 

Definition 3.1. The subspace W C k[z^ l ]((z2)) is called a -space, if there exists a basis Wi 
in W such that u?j satisfy the condition A a for all i . 

Definition 3.2. We say that a pair of subspaces (A,W) , where A, W C k[z^ l ]((z2)) and A 
is a A; -algebra with unity such that WA C W , is a a -Schur pair if A C IIq, (see corol. I2.2|) 
and W is a q -space. 

We say that a -Schur pair is a a -quasi elliptic Schur pair if A is a a -quasi elliptic ring 
(see def. I2.18( we identify here the ring k[z^ 1 ]((z2)) with the ring fc[9i](((9^~ 1 )) via z\ h-> <9-f 1 , 
z 2 h> d^ 1 ). 

Definition 3.3. (cf. |41(. def.l]) An operator T 6 E + is said to be admissible if it is an invertible 
operator of order zero such that TdiT~ l , Td 2 T~ l 6 k[di]{(d 2 1 )) . The set of all admissible 
operators is denoted by Adm (for a classification of admissible operators see |4H lemma 7]). 

An operator T € E + is said to be a -admissible if it is admissible and satisfies the condition 
A a (in this case by lemma EE we have TdiT~ l , Td 2 T~ l € U a ). The set of all a -admissible 
operators is denoted by Adm a . 

We say that two a -Schur pairs (A, W) and (A',W) are equivalent if A' = T~ 1 AT and 
W' = WT , where T is an admissible operator. 

Definition 3.4. The commutative a -quasi elliptic rings B\ , B 2 C D are said to be equivalent 
if there is an invertible operator S € D\ as in lemma 12 . 10111 bl such that B\ = SB 2 S~ X . 
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Summing the arguments above together, we obtain: 

Theorem 3.2. There is a one to one correspondence between the classes of equivalent 1 -quasi 
elliptic Schur pairs (A,W) from definition \3.3\ with Supp(M^) = (z^z^ 3 > 0) and the 

classes of equivalent 1 -quasi elliptic rings (see definitions \2.18\ \3.4\ ) of commuting operators 
BCD. 

Remark 3.1. The pair (A, W) is an analogue of the Schur pair, see [23] and also |43j . 

We have restricted ourself on the case of 1 -quasi elliptic rings in theorem 13.21 only because of 
lemma [2.10[l2bl about possibility of normalization. The same is true if we replace words " 1 -quasi 
elliptic" by "quasi elliptic". The proof is the same. 

We finish this section with the following statement on "purity" of 1 -quasi elliptic subrings 
of partial differential operators: 

Proposition 3.1. Let B <Z D <Z D be a 1 -quasi elliptic ring of commuting partial differential 
operators. Then any ring B' C D of commuting operators such that B' D B is a ring of partial 
differential operators, i.e. B' C D . 

Proof. If B C D , then by lemma 12.111 item llbl the operator S such that SBS" 1 = A C 
A;[9i]((5 2 -1 )) belongs to E . Since B' is 1 -quasi elliptic, we have also SB'S" 1 C C 
E . Thus, B' CDHE = D. □ 

3.2 Correspondence between Schur pairs and geometric data 

Now we are going to establish a correspondence between certain 1 -quasi elliptic Schur pairs 
and geometric data from the generalized Krichever-Parshin correspondence, see |31j . |29j . |16| 
(in fact, we will modify this data, see definition 13.101 and remark [3.61 below). We will consider 
not all 1 -quasi elliptic Schur pairs, but those which satisfy a condition of strong admissibility 
(see definitions below). We emphasize that these pairs include in particular all pairs coming 
from rings of partial differential operators mentioned in the beginning of previous subsection. 
As a result, we will obtain a correspondence between 1 -quasi elliptic strongly admissible rings 
of commuting operators in D and geometric data. 

To reach this aim we will need the following "trick lemma". 

Lemma 3.2. Let W be a closed k -subspace W C k[z± 1 ]((z2)) with Supp(M^) = (z^z^ 3 > 
0) . Let {wij,i,j > 0} be the unique basis in W with the property Wij = z^z^ 3 + w~- , where 
w~j € /c[z ] ^ 1 ][[22]]z2 • Assume that all elements Wij satisfy the condition A a with a > 1 . 
Then there is an isomorphism 

of W with a closed k -subspace W C k[[u]]((t)) with Supp(W') = (u^-^H \ij > 0), 
where [a] is the least integer greater or equal to a . 

Proof. Let's consider the composition of maps z\ t— > u' := z^ 1 , Z2 , and u' h-> u = u't. 

Due to the conditions of lemma, the images of the elements Wij will be well defined elements 
of , the composition of these maps is clearly a A: -linear map which is an isomorphism 

of W with a closed A; -subspace W C MMKW) with described properties. We'll call this 
composition by ip a . □ 

Corollary 3.3. Let W be a closed k -subspace as in lemma and let a = 1 . Then W' in lemma 
has the property Supp(W r/ ) = (u 1 ^ 3 > 0,i — j < 0) . 

Moreover, in this case the isomorphism ip\ induces an isomorphism 

rP 1 :k[z7 1 ]((z 2 ))nU 1 ^k[[u]]((t)). 
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The proof is clear. 

Remark 3.2. Consider a subspace W in with Supp(VF) = (u r t~ J > 0, i — j < 

0) (cf. corollary 13. 3p . Let A be a stabilizer subring of W : A • W C W . For any element 
a £ A we have LT(a) G Supp(IF) , because for an element w G W with LT(io) = 1 we 
must have LT(aw) = LT(a) . So, Supp(A) C Supp(VF) . By [33j lemma 2] it is known that the 
transcendental degree trdeg(Quot(y4)) < 2, where Quot(A) is the fraction field. 

If we start with a ring B of commuting operators as in theorem 13. 2( see also remark [3~Tj) and 
apply corollary [3~3l to the pair (W,^4) from remark !3.l| we'll obtain a pair (W, A) in &[[it]]((t)) 
as above with trdeg(Quot(^4)) = 2 and with another property, which we'll pick out in the 
following definition. 

Definition 3.5. Denote by ut or ^2 the discrete valuation on the field k((u))((t)) with respect 
to t . Denote by v u or u\ the discrete valuation on the field k((u)) . They form a rank two 
valuation v = ordr (cf. definition 12.5ft on the field k((u))((t)) : v{a) = {y u (a),vt(aj) , where a 
is the residue of the element at~ Vt ^ a ' in the valuation ring of v% . 
For the ring A C define 

N A = GCD{v t (a), a £ A such that v(a) = (0, *)}, 

where * means any value of the valuation. 

We'll say that the ring A is admissible if there is an element a € A with v(a) = (1, *) . 

In particular, the ring A obtained from the ring B above is an admissible ring, because B 
contains an operator of special type (the quasi ellipticity condition). The image of this operator 
under the transformation from lemma [3721 satisfies the property from the definition of admissible 
ring. 

Motivated by proposition 12. 4} we'll give also the following definition. 

Definition 3.6. For the ring A C MMKW) define 

N A = GCD{u t (a), a G A}. 

We'll say that the ring A is strongly admissible if it is admissible and ./V^ = N A ■ 

Definition 3.7. We say that a 1 -quasi elliptic ring A C k[z^ l ]{(z2)) from definition 13.21 is 
strongly admissible if its image ip\ (A) under the transformation from lemma 13.21 is strongly 
admissible. 

Remark 3.3. Note that the image ipi(A) of a 1 -quasi elliptic ring A is admissible. Conversely, 
the ring (^4) , where A is an admissible ring, is a 1 -quasi elliptic ring. 

Definition 3.8. For 1 -quasi elliptic commutative ring B C D one can extend definitions 12. 10| 
12.111 and these definitions will be closely related with definitions 13.51 13.61 by theorem 13.21 B 
corresponds to a Schur pair (A, W) up to the equivalence, i.e. the ring A is defined up to 
conjugation by a 1 -admissible operator. Nevertheless, we always have A C H\ and A is a 
1 -quasi elliptic ring. 

For 1 -quasi elliptic commutative ring B C D we define numbers iV^ , Nb to be equal 
to the numbers N A , Na (see definition 13. 7p . We say that B is strongly admissible if A is 
strongly admissible. 

We claim that our definition is correct, i.e. it don't depend on conjugation of A by a 1 - 
admissible operator. As we have seen in the proof of corollary 13.11 each operator X from A can 
be written as a finite sum X = ^ c ij w oo w i,j ? c ij G k ■ Let (k,l) be a maximal (with respect 
to the anti lexicographical order) pair of numbers such that c^i ^ , k + / > % + j for all 
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with Cij ^ . It is easy to see that v{tjji{X)) = (k, I) . Let T be a 1 -admissible operator. Then 
using lemma 12.81 we obtain that i/(V>i (TXT' 1 )) = z^i(X)) = (k,l) . Thus, the definition of 
numbers Nb , Nb don't depend on conjugation. Again using lemma [2781 one can see that this 
definition coincides with definitions 12.101 12.111 if B C D . 
Let's recall one more definition (see, for example, [43]) 

Definition 3.9. For a fc-subspace W in k((u))((t)) , for i,j G Z U {oo} , i < j let 

w nt l k((u))[[t}} 



wnPk((u))[[t\] 



W(i,j) 

be a fc-subspace in ^ k({u))'J~ l . 

Note that for spaces W,A as in remark [3.21 the spaces W(i, 1), A(i, 1) coincide with the 
subspaces W n A; [ [tt] ] [ [t] ] , A n i l /c[[-u]][[i]] of filtration defined by the valuation 2^2 . 

Lemma 3.3. Let A C MMHft]] ^ e a commutative k -algebra with unity such that Supp(A) C 

00 

{uH~ j > Q,i - j < 0) . Set A := A(-n, 1) . Assume f/iat trdeg(Quot(A)) = 2 and 

n=0 

00 

either gr(j4) = (J) A(— n, n + 1,1) or A is finitely generated as a k -algebra. Then 

1. The homogeneous ideal I = A(— 1) is prime and it defines a reduced irreducible closed sub- 
scheme C on the projective surface X = Proj A which is an ample effective Q - Cartier 
divisor (i.e. dC is an ample effective Cartier divisor, see remark \3.J$ . 

2. If A is an admissible ring and Na = 1 , then the center P of the valuation v induced 
on the field Quot(A) by the valuation of the two-dimensional local field k((u))((t)) is a 
regular closed point on the curve C as well as on the surface X (cf. 1131 ch.II, ex. 4-5]). 

Proof. [T]) Denote by i : I — > A the natural embedding. Clearly, we have I = (i(l)) , where 
1 G I\ = Ao and i(l) G A\ . Let a G Af, , b G A\ be two homogeneous elements such that 
a,b £ I . This is possible if and only if 1^2(0) — — k , 1^2(0) = —I (note that such elements exist due 
to our assumption on the support and transcendental degree of A). Therefore 1^2(0^) = — k — I 
and the product ab G A^+i can not belong to / , i.e. I is a prime homogeneous ideal. 

By |1H prop. 2.4.4] the schemes Proj A and Proj A/I are integral. So, the ideal / defines 
a reduced and irreducible closed subscheme C on X . 

If gr(.A) is finitely generated, A is also finitely generated over k (it is easy to check that 
A is generated by elements &i, . . . , b p , as k -algebra, where b\, . . . , b p are lifts of generators 
bi,...,b p of the algebra gr(A) , cf. also (5J Ch.III, §2.9]). By lemma in [25j ch.III,§8] there exists 
d G N such that the graded ring A^ = (B^LoA^d is generated by A± over k (and A± is 
a finitely generated k -subspace because of the condition on the support of A ) . We claim that 
dC is a Cartier divisor. Indeed, it is defined by the ideal I d = (i(l) d ) , and i(l) d G A^ . By 
PH prop. 2.4.7] we have Proj A ~ Proj A^ and Proj A/I ~ Proj A^/I^ . So, it suffices to 
show that the ideal i"W in AW defines a Cartier divisor. But it is clear, because the open sets 
D(xi) , where X{ G A± , form a covering of X and in each set D(xi) the ideal 1^ is generated 
by the element i(l) d /xi . 

At last, dC is a very ample divisor, because it is a hyperplane section in the embedding 
Proj A^ ^ Proj A[ d) ~ . 

[2]) Since X is a projective scheme (hence, it is proper over k , see e.g. [131 ch.II, §4]), there 
is a unique center P of the valuation v by |13[ ch.II, ex. 4. 5]. Note that P belongs to an affine 
set SpecA^) , where x G A is an element with the properties u{x) = (0, *) , x ^ I (such an 
element exists because Na = 1), because Am belongs to the valuation ring R u : indeed, if 
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x G Ak , then is t (x) = k , and v(a/x l ) = (p, q) , where p, q > for any a G A^i ■ Moreover, it 
is easy to see that the element x _1 G k((u))((t)) (we consider here = A(—k, 1) as a vector 
subspace in k((u))((t)) , so, x G M( u ))((*)) ) has the property x _1 G MMIM] = Ml^*]] • So, 
we have a natural embedding A( x ) fc[[w,t]] . 

Since A is an admissible ring and Na = 1 , there are elements u',t' G Ar x -\ with i^(u') = 
(1,0) and v{t') = (0, 1) . Denote B = A/ x \ and let p G B be the ideal corresponding to P . 
Clearly u',t' G p and p = B n («, t) , where (u, t) is the ideal in k[[u, t]] . So, B/p ~ and 
therefore p is a maximal ideal. Since any element a G t]] with z^(a) = (0,0) is invertible, 
we have -B p C k[[u, t]] . We'll denote by p' the maximal ideal in B p . 

We define a linear topology on 5 p by taking as open ideals the ideals := (u, t) k n B p . It 
is separated, because fl(u, t) fc = in the ring k[[u, t]] . Since p C (u,t) , we have also p' k C 
for all k . So, we have the exact sequence of projective systems: 

-> M fc /p' fc -> B p /p' fc B p /M fc ^ 0. 

Note that all natural homomorphisms Mk + i/p' k+1 — > M^jp' k are surjective. Indeed, for a given 
a G Mfc one can find constants Cj G k , i = 0, . . . k such that a — Xli=o CiU n t' k ~ l G M^ + i . Since 
^i=o CiU n t' k ~ l G , it follows that a belongs to the image of the group Mk+i/p' k+1 . So, 
the system {M/%/p /fc } satisfies the Mittag-Leffler condition and therefore we have the surjective 
homomorphism of topological rings 

P ■ B p —?■ Bp, 

where B p = ]^mB p /p' k , B p = ^m .B p /Mj- . Note that p preserves the ring k[u',t'] , and this 
ring is dense in B p . 

On the other hand, there is a natural homomorphism of topological rings p' : k[[u', t']] —¥ B p 
which also preserves the ring k[u',t'] . So, the composition pp' is a homomorphism of complete 
topological rings that preserves k[u',t'} , and the ring k[u',t'] is dense in both rings. Therefore, 
it is an isomorphism /c[[u',t']] ~ B p . So, the ring B p is regular of Krull dimension 2. 

By [H corol.11.19] we have dimB p < 2, whence p must be injective, i.e. it must be an 
isomorphism. Then by [H prop. 11.24] the ring B p is a regular ring, i.e. P is a regular closed 
point on X . 

It's easy to see that (t) fl B = Im , where (t) is the ideal in the ring fc[[it, t]] . So, there is 

an embedding B/I^ k[[u]] . By analogous arguments as above we have (B/Ir x \) p ~ k[[u]] , 
whence P is a regular point on C . □ 

Remark 3.4. For an arbitrary projective surface X there is a natural homomorphism 
Div(X) — > Z 1 (X) of the group of Cartier divisors Div(X) to the group of Weil divisors 
Z 1 (X) (in general not injective). The assertion of lemma claims that the scheme defined by the 
ideal sheaf X d is a locally principal subscheme in X and therefore corresponds to an effective 
Cartier divisor D . Since X is an integral scheme, we have CaCl(X) ~ Pic(X) . By [13\ prop. 
6.18, ch.2], X d ~ O(-D) . The assertion of lemma claims that the sheaf O(D) is ample (cf. |18^ 
§2.4, appendix]). 

Lemma 3.4. Let A C /c[[u]]((t)) be a strongly admissible ring. Then there exists a monic 
element t' G &[[«]]((£)) with v(t') = (0,Na) and a monic element u' G MMKW) with y{u') = 
(1,0) such that A C k[[u']]((t')) C MMKW) an d in MM] ((*')) the rin 9 A has the number 
N' A = 1. 

Proof. Since A is strongly admissible, there exist two elements o, b G A such that v{a) = 
(0, k\) , v{b) = (0, fo) an d GCD{k\,k2) = Na ■ Then there exists an invertible monic element 
t' G A a b C ^[M]((t)) such that v(t') = (0,Na) and therefore there exists a monic element 
u' G A a b such that v{u') = (1,0) . 
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Let v & A be an arbitrary element with v{v) = (k, INa) ■ Then we can choose a constant 
c-ki £ & so that v(v — Ck y iu' k t' 1 ) = (k±, 1\Na) < {k, INa) ■ If we continue this procedure, then we 
have a sequence of constants Ck : u c^fo, ■ ■ ■ such that 

J> M yV< = o 

(it is easy to see that the series in the formula converges). So, A C MMK(O) . In the ring 
MMK(*0) we have GCD(v tl {a),v t ,{b)) = 1 . Thus, N' A = 1 . □ 

Proposition 3.2. Let W,Ac k[[u]]((t)) be subspaces such that Supp(W) = {u l t~i \i,j > 
0, i — j < 0) , A is a stabilizer subring of W : A ■ W C W (cf. remark \3.2\) . Assume that 
trdeg(Quot(^4)) = 2, either gr(A) or A is a finitely generated k -algebra and A is a strongly 

oo 

admissible ring, A C MMK(O) ( see lemma \3~^ . Set W := ® W{— n, 1) (see definition ^. 9\) . 

n=0 

Then 

1. The sheaf T = Proj(W") is a quasi coherent torsion free s/ieajj] on the surface X con- 
structed by A C MMK(O) as i n lemma \3.3[ Moreover, we have natural embeddings 
of Op -modules Tp k[[u, t]] and of rings Op ^ &;[[?/, i']] C A;[[it,i]] , where the last 
embedding is an isomorphism. 

2. Let C = dC be a very ample Cartier divisor on X from lemma HOI 

The natural embeddings H°(X,T(nC')) ^4 T(nC) ~ Tp k[[u, t]] coming from 
the embedding Tp '—t k[[u,t]] of item [7] composed with the homomorphism k[[u,t]] — > 
k[[u, t]]/(u, t) ndNA+l give isomorphisms 

H°(X,T(nC')) ~ k[[u,t]]/(u,t) ndN ^ +1 

for each n > . 

Proof. [T]). By the same arguments as in the proof of lemma I5T3"| item [2] we have naturally defined 
embeddings of rings O p ^ k[[u',t'\] C k[[u,t]\ , 6 P ~ k[[u',t']\ ^ k[[u,t]] . They define a O p 
and Op -module structure on A; [[it, t\] . Since W is a torsion free A -module, the sheaf T is 
also torsion free. Thus we have a naturally defined embedding of Op -modules Tp ^ k[[u,i\] . 

Remark 3.5. Since W contains elements of any valuation (0, k) , k < (because of our 
assumptions on the support of W), there are elements /i, . . . , fjy A G Tp C k[[u, t]} such that 
u (fi) = (0)* ~~ f) j * = 1) • • • ^Ya • Clearly, the sheaf J 7 can be represented as a direct limit of 
coherent sheaves, T = lim Tj such that fx, ... , f^ A £ Tp for any i . Consider the map 

Of NA ^T iP C%f {a 1 ,...a NA )^a 1 f 1 + ... + a NA f NA . (13) 

Clearly, this is an embedding of Op -modules (since the elements aifi have different valuations 
in the ring k[[u, t]] and there is no torsion, their sum can not be equal to zero). Arguing as in 
the proof of lemma [3T3l item[2l we obtain that the map 

d$ NA ^T iP ^k[[u,t\] 

is an isomorphism of Op -modules for each i (the completion is with respect to the Ml- 
adic topology). We also have the surjective homomorphism of modules p : Tp — > Tp . This 
homomorphism can have a non-trivial kernel, see for examples remark 3.3 and corollary 3.1 in 

US- 

1 Here and later in the article we use the non-standard notation Proj for the quasi-coherent sheaf associated 
with a graded module. 
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[2]). Since J 7 is a torsion free sheaf, we have the canonical embeddings H°(X,J-(nC')) 
J-p(nC) for all n > . We have J-p{nC) ~ Tp , and the isomorphism of these Op -modules 
is given by multiplication by x _1 , where x G A is an element with the properties v{x) = 
(0, —ndN A ) as in the proof of item |2] of lemma [3^31 In the proof of item [T] we have also seen that 

Note that for all n we have Pio}(W(ndN A )) ~ Pioj(W^ dNA \n)) by [TTJ prop. 2.4.7], 
and Proj(Ty^)(n)) ~ Proj(iy( d7V ^)(n) ~ T{nC) by pU ch.II, prop. 5. 12]. Analogously, 
Proj(A(ndN A )) ~ Ox{nC') . To prove the rest of the proposition, we need the following lemma. 

Lemma 3.5. We have H°(X,Pro}{W(ndN A ))) = W(-ndN A , 1) , H°(X,Pio}(A(ndN A ))) = 
A(—ndN A , 1) for all n>0. 

Proof. The proof is the same for both sheaves. We'll write it for the sheaf J- . 

By definition, W(-ndN A ,l) = (PF( dJV ^(n))o C H°(X, Pioj{W{ndN A ))) ■ Set A = 

oo 

(J) A'{— n, 1) , where A'(—n,l) are subspaces defined in fc[[tt']]((0) ■ Note that A'{— n, 1) = 

n=0 

A(-nN A , 1) , thus W^ dNA \n) is a graded i" -module. Recall (see lemma [3T3|) that the algebra 
A~( d ) is generated by A& as A; -algebra. 

Let a G Proj(T^(n ( iiV J 4))) , a £ ^(-nd/Vyi, 1) . Then a = (ai, . . . , a k ) , where a* G 

(W^^^ra))^) ; € are generators of the space A^ such that x\ = if , and Oj = aj in 
^ix- (here we denote by li the element 1 in the component A± ). 

We have a; = di/xf l (a, G W^ dArA )(n) fei = Wt k . +n -\ dNA ), ai = ai/x^ 1 and k\ > since a ^ 

W(-nd7V A ,l) . Indeed, if o x G (# (d7VA) (™))o = W(-ndiV^,l) , then a = ai since W^)(n) 
is a torsion free A^ -module, a contradiction. So, we have 

a± G 

(or, equivalently, (n + k\)dN A > vt{a\) > (n + fci — 1)c£/Va )• 

Then for Xj G ^4rf\j4^_i (such an element Xj exists because all elements from A^-i C Ad lie 
in the ideal that defines the divisor C) we have x-* G Jl^^Jl^-i (or, equivalently, ft(x^) = 
dkiN A ) and therefore 

oin* G (^^)(n)) fcl+fci \(^ ( ^ ) (n)) fcl+fel _ 1 , 

because u t (dix^') > {n + k\ + ki — l)dN A . 

On the other hand, we have the equality d\x^ = diX^ 1 , and 

d^ G {W^\n)) kl+ki . x C (W^(n)) kl+ki , 

because ^(ajXj 1 ) = z^(dj) < (n + ki + k\ — l)dN A , a contradiction. So, a G VF(— ndN A , 1) . □ 

Now we have the embeddings H°(X, F{nC')) = W(-ndN A , 1) T(nC) P ~ 7> <^ *;[[«, t]] 
given by multiplication by x _1 . Because of our assumptions on the support of W , the compo- 
sition with the homomorphism k[[u, t]] — > k[[u,t]]/ (u,t) ndNA+1 gives isomorphisms 

H°(X,T(nC')) ~ fc[[M]]/(M) n<iJVA+1 

for each n > . Note that they don't depend on the choice of the isomorphism JFp(nC) — 
T P . □ 

Now we want to establish the correspondence between Schur pairs and geometric data from 
lemma 13.31 and proposition 13.21 The most convenient way to do this is to establish a categorical 
equivalence generalizing the equivalence from one-dimensional situation, see [231 th.4.6], because 
we have a lot of data involved. 
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Definition 3.10. We call (X,C,P,T,ir,(f)) a geometric data of rank r if it consists of the 
following data: 



1. X is a reduced irreducible projective algebraic surface denned over a field k ; 

2. C is a reduced irreducible ample Q-Cartier divisor on X ; 

3. P € C is a closed -point, which is regular on C and on X ; 
4. 

vr : Op — ► k[[u,t]] 

is a ring homomorphism such that the image of the maximal ideal of the ring Op lies 
in the maximal ideal (u, t) of the ring k[[u, t\] , and i/(n(f)) = (0,r) , v(tr(g)) = (1,0) , 
where / € Op is a local equation of the curve C in a neighbourhood of P (since P is 
a regular point, the ideal sheaf of C at P is generated by one element), and g £ Op 
restricted to C is a local equation of the point P on C (Thus, g, f are generators of the 
maximal ideal Mp in Op). 

Once for all, we choose parameters u,t and fix them (note that k[[u, t}] is a free Op- 
module of rank r ) . 

5. J 7 is a torsion free quasi-coherent sheaf on X . 

6. (p : Tp c y k[[u,t]] is a Op -module embedding such that the homomorphisms 

H°{X,T{nC)) -> £]]/(«, i) ndr+1 
obtained as compositions of natural homomorphisms 

H°(X,T(nC)) ^ F{nC') P ~ 7> A fc[[u,t]] -> t]]/(u, t) ndr+ \ 
where C = dC is a very ample divisor, are isomorphisms for any n > . 

Two geometric data (X, C, P, J 7 , tt\, (f>i) and (X, C, P, J 7 , 7T2, ^2) are identified if the images of 
the embeddings (obtained by means of multiplication to f nd as above) 

H Q {X,T{nC')) ^F P h k[[u,t]], H (X,O(nC')) ^ 3 P A k[[u,t]] 

and 

H°(X,T(nC')) ^T P h k[[u,t\], H (X,O(nC')) ^ O p 4 k[[u,t]} 
coincide for any n > . The set of all quintets of rank r is denoted by Q r . 

Remark 3.6. Our definition of a geometric data is slightly more general than analogous def- 
initions in [31], [29] , In particular, we don't demand that a surface is a Cohen-Macaulay, the 
divisor C can be not Cartier, but Q-Cartier, and the sheaf J- can be not locally free. 

These restrictions in definitions of works [31], [29] are explained by the fact that geomet- 
ric data with these restrictions can be reconstructed by subspaces lying in the image of the 
Krichever-Parshin map described in loc.cit. using certain combinatorial construction. In fact, we 
don't need this construction in our results. 

Remark 3.7. We would like to emphasize that the rank r of the geometric data in general 
differs from the rank of the sheaf J- , cf. [18|. rem. 3. 3]. 

If Tp is a free Op -module of rank r, then <f> induces an isomorphism Tp — k[[u,t]} of 
Op -modules. This condition is satisfied if J 7 is a coherent sheaf of rank r , see [181 corol.3.1]. 
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Definition 3.11. We define a category Q of geometric data as follows: 

1. The set of objects is denned by 

Ob(Q) =\jQ r . 

reN 

2. A morphism 

of two objects consists of a morphism f3 : X\ — > X 2 of surfaces and a homomorphism 
ip : J- 2 — > of sheaves on X 2 such that: 

(a) /Sjcj : Ci — > Ci is a morphism of curves; 
(b) 

PiPl) = P2- 

(c) There exists a continuous ring isomorphism h : k[[u,t]] — > such that 

h(u)=u mod (u 2 ) + (t), h(t) = t mod (lit) + (t 2 ), 
and the following commutative diagram holds: 

k[[u,t}] — k[[u,t}] 



®X 2 ,P 2 > ^Xi.Pi 

(d) Let's denote by /3*(</>i) a composition of morphisms of 0p 2 -modules 

/9*(0l) : jS.Jifl, -> ^ipj ^ MM]]- 

There is a A; [ [it, i]] -module isomorphism £ : A;[[ii,i]] — h*(k[[u, i]]) such that the 
following commutative diagram of morphisms of Op 2 -modules holds: 

J : 2P 2 — P*Fip 2 

2 0*(<Pl) 

k[[u,t]] — > /i*(fc[[it, t]]) = fc[[u,t]] 

Definition 3.12. A pair (A, W) , where A,W C k[[u]]((t)) , is said to be a Schur pair of rank 
r if the following conditions are satisfied: 

1. A is a fc -algebra with unity, Supp(M^) = (u*i~ J \i,j > 0, i — j < 0} and A ■ W CW . 

2. A is a strongly admissible ring (see definition I3.6p . A is finitely generated as A; -algebra, 
trdeg(Quot(A)) = 2 and iV^ = r . 

We denote by S r the set of all Schur pairs of rank r . 

Remark 3.8. Clearly, for a given Schur pair (.A, W) the pair (ip^ 1 (A), ipi l (W)) (see corollary 
13.31 for definition of tpi ) is a 1-quasi elliptic Schur pair from definition l3.2i Conversely, if (A, W) 
is a 1-quasi elliptic Schur pair such that A is a strongly admissible ring, then (ipi(A),ipi(W)) 
is a Schur pair. 
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Definition 3.13. For a given subspace W C &[[it]]((t)) we define the action of an operator 
T G 111 ( see corollary 12. 2|) on W by the formula 

WT = ^ 1 (^ 1 (W)T). 

If T is an 1 -admissible operator (see def. I3.3|) and A C A;[[-u]]((i)) is a subring, we define 

T^AT = il) 1 (T- 1 i/)i 1 (A)T). 
Definition 3.14. We define the category of Schur pairs S as follows: 

1. ob(s) = u rm s r . 

2. A morphism T : (A2, W2) — > (Ai, W\) of two pairs consists of twisted inclusions 

T~ 1 A 2 T^A 1 , WzT^+Wi, 
where T is an arbitrary 1 -admissible operator. 

In fact, as it follows from definitions, W2T = W\ as a A; -subspace in the second inclusion 
W 2 T Wi above. 

Definition 3.15. Given a geometric data (X, C, P, J 7 , tt, (f>) of rank r we define a pair of 
subspaces 

W,Ack[[u]]((t)) 

as follows: 

Let f d be a local generator of the ideal Ox(—C')p , where C = dC is a very ample Cartier 
divisor (cf. definition 13.101 item [6]). Then v(ir(f d )) = (0, r d ) in the ring £;[[ii,i]] and therefore 
7r (f d )~ 1 £ MMKW) • So, we have natural embeddings for any n > 

H°(X,T(nC)) ^ T(nC') P ~ r nd (T P ) ^ k[[u]]((t)), 

where the last embedding is the embedding f~ nd Tp 4- f~ nd k[[u, t]] c —^k[[u]]((t)) (cf. definition 
13.101 item [6]). Hence we have the embedding 

Xi : H°(X\C,T) ~ limff^X.^nC'O) ^ *[[«]]((*)). 

n>0 

We define W d = xi(P°(^\C, 7")) . Analogously the embedding H (X\C,O) ^ k[[u]]((t)) is 
defined (and we'll denote it also by X i )• We define A d = X i(H°(X\C, O)) . 

Note that the space W satisfies condition [1] of definition 13.121 for the space W . As it follows 
from definition, A C k[[u'\] ((f)) = k[[u]]((t r )) , where f = vr(/) , u' = n(g) (cf. definition EE! 
itemS]). Thus, on A there is a filtration A n = A'(—n, 1) = A(— nr, 1) induced by the filtration 
t'~ n k[[u']} [[?]} on the space k[[u']} ((f)) : 

A n = Anf~ n k[[u'}} [[f]} = A'(-n,l) = Ant- nr k[[u]][[t}} = A(-nr,l). 

Also Supp(j4) C Supp(W) , because 1 € Supply and W is (by construction) a torsion free 
A- module. Clearly, trdeg(Quot(A)) = 2 and A is finitely generated as a k -algebra. Because 
of item H] of definition 13.101 we have Na > r , Na > r ■ 

Lemma 3.6. For a geometric data (X, C, P, JF, tt, <f>) of rank r we have H°(X,Ox(nC')) ~ A nc [ 
for all n > , where C = dC is an ample Cartier divisor. 



29 



Proof. By definition of the ring A we have 



= {ae A\f nd a G k[[u}][[t}}} = {a G A\u t (f nd a) > 0}. 

We also have by definition xi(H°(X, O x (nC'))) C A nd .Let a G A nd . Then 

ae X i(H (X,O x (mC'))) 

for some m > n. Let's show that a G (X, Ox(nC'))) . Assume the converse: a (/L 

Xi(H°(X, Ox(nC'))) . Below we will identify a with its preimage in H°(X\C,Ox) or in 

r nd (o x ,p) . 

There is a neighbourhood U (P) of the point P , where the ample Cartier divisor C 
is defined by the element f d . Since a G A nd , we have a G f~ nd {Ox,p), thus a|[/(p) 6 
T{U(P),O x (nC')) . Now we have the following commutative diagram: 

a i/ (C,Ox("iC")/OY(nC")) 

4" 4* j 

O^r(C/(P),0x(nC'))^ r(C/(P),Ox(mC")) 4 H°(U(P)nC,Ox(mC')/Ox(nC')) 

where the vertical arrows are embeddings (the right vertical arrow is an embedding since 
O x (mC')/Ox(nC) ~ O x /O x {{n - m)C')) ® 0x O x (mC) and (C,O x /O x ((n - m)C')) is 
an irreducible scheme due to properties of the divisor C ). 

But a{a) = , a contradiction. Thus, a G H°(X, Ox{nC')) . □ 

Lemma 3.7. For a geometric data (X, C, P, J-, ir, </>) of rank r the corresponding ring A satis- 
fies the following property: there exists a constant K > such that for all sufficiently big n > 
and all I < nr — K the space A n contains an element a with v(a) = (— nr, I) . 
In particular, the ring A is strongly admissible with Na = t . 

oo 

Proof. As it follows from lemma [376l we have X ~ Proj ® A nd (cf. |31| lemma 9]). Thus, the 

n=0 

_ oo 

ring A^ = A nd is a finitely generated A; -algebra (cf. [40t Corol. 10.3]). Then the ring A = 

n=0 

oo _ d—1 _ oo 

(J) A n is finitely generated over k , since A = © AW) , where the modules AW) = A di+l , 

n=0 Z=0 i=0 

< I < d are naturally isomorphic to the ideals in A^ , which are finitely generated. 
We have 

Proj(I(-l)) ~ Proj^'" 1 ) by pH prop.2.4.7], Proj(A d '~ 1 (n)) ~ (Proj(I d ' -1 ))(raC") 

(see [El ch.II,prop.5.12]). Thus for all big n H°(X, (Proj(i(-l)))(nC)) ^ A nd _ x (cf. [BJ ch.II, 
ex. 5. 9]; the arguments from the proof of lemma [331 show that H°(X, Proj(A rf ' _1 (n)) = A nd -\ ). 
Note that the sheaf Proj(A(— 1)) is the ideal sheaf I of the divisor C (one can argue as in the 
proof of lemma [3751 and/ or note that the localization of the ideal / = A{— 1) with respect to any 
element a G A n with vt{o) = —m (so, a ^ A(— 1) ) coincide with the ideal of the valuation 
in the ring A^ ). Thus, for all big n we have H°(C, Oc(nC')) ~ A nd j A nd _\ and we have the 
natural embeddings 



) P ~Ox{nC), 

O x ,p/(f) * O c ,p fc[[u, *]]/(*) ^ *;[[«]] (14) 



<p n : Oc(nC')p k (^(nCOpAfcCOp U O x ,p/Tp 
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such that the image of H° (C, Oo(nC')) in k[[u, t]]/(t) coincide with the image of the map 

jnd 

A nd /A nd -x ^ k[[u,t]]/(t) . 

On the other hand, for the sheaf T n = Oc(nC) we have analogous construction of a sub- 
space W n in k((u)) coming from one-dimensional Krichever correspondence (cf. [31]). Namely, 
for each q > we have natural embeddings 

H°(C,T n (qP)) F n {qP)p~g-l{JF n>P ) k((u)), 

where the last embedding is the embedding 

g- q F n , P ^ g~ q k[[u}} = u~"k[[u]] ^ k((u)) 

(cf. definition 13.101 item HJ we identify here the element g from definition and its image in 
k[[u]] ). Hence we have the embedding (cf. definition l3.15|) H°(C\P,J- n ) ^ k((u)), whose image 
we denote by W n . If d'P is a very ample Cartier divisor, then arguing as in lemma 13.61 we get 
^(C^niqd'P)) ~ W n , q d' , where W n ,qd< =W n f] u~ qd ' k[[u]] . For big n by the Riemann-Roch 
theorem for curves we get dim k (H°(C, T n (qd'P))) - dim k (H°(C, F n ((q - l)d'P))) = d' for all 
q > 0. Thus, dimk(W ntq d> /W n .( q _i)ci') = d' and therefore the space W n contain an element 
with any given negative value of the valuation u u . 

Now consider the sheaf T' n = J- n (—d'P) . Then for each q > we have natural embeddings 

H°(C,F' n (qP)) ^ F'n{qP)p-g- q {T'n,p) ^ k((u)), 

where the last embedding is the embedding g~ q J-' Th p — g~ q+d T n ,p 9 u~ q k[[u]] k((u)) . 
Hence we have the embedding H°{C\P,F' n ) k((u)), whose image W' n = g~ d W n . Again 
by the Riemann-Roch theorem we obtain that for sufficiently big n the space W' n contains 
elements of any given negative value of the valuation v u . Moreover, it follows that there exists 
a constant K > such that for all sufficiently big n the space W n contains elements of any 
given value I of the valuation v u if I < ndr — K (because by definition 13.101 item [6] the space 
W n contains no elements with valuation greater than ndr). In particular, it follows that the 
space A n d contains elements of any given value {—ndr, I) of the valuation v if I < ndr — K . 
Thus, the ring A is admissible. 

Now we can repeat all arguments above for the sheaf X{nC')\c ■ Note that H°(C,l(nC')\c) — 
And-iJAnd-2, and the image of the embedding H°{C,l{nC')\ c ) ^ k[[u,t]]/(t) is /^(^d-i) 
mod (t) . Therefore, for sufficiently big n the space A n d-i contains elements of any given value 
(—(nd — l)r,l) of the valuation u if I < (nd — l)r — K . Thus, Na = r and the ring A is 
strongly admissible, because A^iV^ and Na > r ■ 

Continuing this line of reasoning, one can obtain that for sufficiently big n each space A n 
contains elements of any given value (— nr, /) of the valuation v if I < nr — K . □ 

oo 

Lemma 3.8. Let (A, W) be a Schur pair of rank r . Then A = (J) A n and gr(A) = 

n=0 

oo 

(J) A n /A n -i are finitely generated k -algebras (cf. lemma [373\) . 
n=0 

Proof. Let A be generated by the elements ti, . . . , t m as a k -algebra. Denote by ti, Sl , . . . , t m ^ m 
the corresponding homogeneous elements in A , where for each i Si means the minimal number 
such that ti £ A(—Si,l). Without loss of generality we can assume that generators contain 
elements a, b with GCD(u t (a),i , t(b)) = r , v(a) = (0,v t (a)) , u(b) = (0,z/j(6)) , and an element 
c with v(c) = (1,*) (because A is a strongly admissible ring). 

Consider the finitely generated fc-subalgebra A\ = k[l±, ii )Sl , • • • , im,s m ] C A (here we 
denote by li the element 1 £ A(— 1, 1) ). Arguing as in the proof of lemma [3731 and proposition 
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13,21 we can construct a geometric data (X,C,P,J-,tt,4>) of rank r from definition 13.101 Note 
that H°(X\C, Ox) — (^i)(ii) — A ■ Thus, the space constructed by the data in definition 13.151 
will coincide with A . Then by lemma ESI H°(X, O x {nC')) ~ A nd , where C = dC is an ample 
Cartier divisor. Therefore, the ring Aid) is a finitely generated k -algebra (see e.g. @0l corol. 
10.3]). Hence A is a finitely generated A; -algebra (cf. the beginning of the proof of lemma \3.7\i . 
The algebra gr(A) is finitely generated because gr(^4) ~ A/(l\) . □ 

Definition 3.16. We define a map % : Ob{Q) — > Ob(S) as follows. 

If q = (X, C, P, J 7 , 7r, 0) € 06(Q) is an element of Q r , then we define 

X (q) = ( X i(H (X\C,O x )),xi(H°(X\C,T)))eS r . 

As it follows from remarks above and lemma 13771 x(q) is a Schur pair of rank r . 

The following lemma will be needed to prove equivalence of the categories Q and S . 

Lemma 3.9. Let u',v' G k[[u, t]] be monic elements with v(v!) = (1,0) , v{y') = (0,1) . Then 
there exists an admissible operator T £ Adm a such that T~ 1 uT = u' , T~ x vT = v' . 

This is an easy consequence of lemma I2TT1 [3] and lemma I2~7i0l l2bl 

Recall that for a given category T by T op we denote the category with the same objects 
but with inverse arrows. 

Theorem 3.3. The map x from definition \3.16\ induces a contravariant functor 

x--Q^S op 

which makes these categories equivalent. 

Proof. First let's show that the map x induces a bijection Xr '■ Qr S r . 

It will follow from lemma 13.81 lemma 13.61 proposition 13.21 lemma 13.31 lemma 13.51 and the 
following statement (cf. e.g. |3H lemma 9]). Suppose that X is a projective scheme over a field, 
J 7 is a coherent sheaf on X , and C is an ample Cartier divisor on X . Then X ~ Proj(,S) 
and T ~ Proj(F) , where S = ® m > H°(X, O x {mC')) , F = ® m > H°(X, F(mC')) . 

Having this statement in mind, starting with geometric data q = (X,C,P,J-,tt,4>) of 
rank r , we can reconstruct it from the Schur pair x(l) = {Ai W) of rank r as follows. 

oo oo 

X ~ Proj(®^4 n ,d) (see lemma l3~6"l) . and Proj(0^4„d) ~ Proj A . The divisor C and 

n=0 n=0 

the point P are uniquely reconstructible by the discrete valuation Uf and the valuation 
v on the ring fc[[u]]((i)) . By prop. 2. 6. 5] the composition of canonical homomorphisms 
r*(J r ) — > r !|t (Proj(r !|t (J r ))) — > r*^) (for notation see loc. cit.) is the identity isomorphism. 
In particular, the homomorphism T^Proj^^J 7 ))) — > r*(J r ) is surjective. By definition of ge- 

oo oo 

ometric data Proj (r* (J 7 )) ~ Proj(0 W{— ndr, 1)) (and Proj(0 W{— ndr, 1)) ~ Proj W by 

n=0 n=0 

|11| prop. 2.4.7]). By lemma [3751 r^Proj^^J 7 ))) = r*(-7 7 ) • Therefore, the canonical homomor- 
phism Proj (r* (J 7 )) —> J 7 must be an isomorphism (otherwise there exists n S> such that 
H°(X,Pioi{T4T(nC'))) -> H°(X, T(nC')) is not an isomorphism). So, T ~ Proj(W) . The 
homomorphisms ir and eft are naturally defined by the embedding of the subspaces A, W in 
k[[u]]((t)). 

Conversely, starting from a pair (A, W) € S r , by lemma 13781 lemma [3731 proposition 13.21 we 
can construct a geometric data q G Q r . Applying to it the map x ■> we obtain the same pair (cf. 
the proof of lemma [378]) . 
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Now let's show how to define the functor \ on the- morphisms. Let's start with a morphism 
i/j) : qi — > q 2 between two data. We have an automorphism h : k[[u, t]] — > k[[u, t]] of definition 
13.111 l2cl Because of lemma 13.91 there is an admissible operator T\ € Adnii such that 

T^uTx = h(u), T{ x vTx = h(v). 

Moreover, as follows from the proof of lemma [2.11|, we can find T\ such that 1 • T\ = 1 . 

The ring automorphism h extends to a ring automorphism h : &[[u]]((t)) — > k[[u]\((t)) in 
an obvious way. Thus 

k[[u}]((t)) 3 f(u,v) ^ f(h(u),h(v)) = /(T^uT^T^vn) = T^ x f{u,v)T x € k[[u]]((t)). 

The k[[u, t]] -module isomorphism £ : k[[u, t]] — > h*k[[u,t]] of definition 13. 1H l2dl is given by 
the multiplication of a single invertible element £ G £]]*. It determines a 1 -admissible 
operator T 2 = V'i" 1 ^) ( see corollary 13. 3D . Since it is an operator having only constant coefficients, 
T 2 ' 1 AT 2 = A for every subset A C k [[«]]( (t)) . 

Now let (Ai, Wi) = xili) 1 i = 1) 2 . Since we have from definitions 13.151 and 13. Ill l2cl that 

H (X 2 \C 2 ,O 2 ) 



\2 



*[[«]]((*)) MMKW), 

we obtain 

T 1 - 1 T 2 ~ 1 A 2 T 2 T l = T^A 2 T X = h(A 2 ) = h X 2(H°(X 2 \C 2 , 2 )) C xi(#°PWi, d)) = A x . 
On the other hand, we have from definitions 13. 151 and 13. 1 ll I2dl that 

H°(X 2 \C 2 ,F 2 ) — H°(X 2 \C 2 ,^T 1 ) = ^(IAClJ!) 



V2 
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*[[«]]((*)) MMMK(*))) =«((*))■ 

The isomorphism £ is completely determined by its image £(1) = 1 • T2 . Every element of the 
MMK(^)) - m °dule A;[[u]]((t)) is of the form a ■ 1 , where a G MMKW) • Hence 

e(a-l) = / l (a).£(l)=e(l)rf 1 aT 1 . 

def 

Therefore, we conclude that £ = T = 71 T2 , because of the following consistency: 

f (a • 1) = 1 • T 2 ■ r 1 ~ 1 aTi = 1 • T ■ T~ x aT = aT. 

Thus we have 

W 2 T = i{ X2 {H\X 2 \C 2 ,T 2 ))) C xi(fl-°(Xi\Ci,Ji)) = Wi. 

T is a 1 -admissible operator and we have T~ 1 A 2 T C Ai and W 2 T C Wi . Hence we have 
constructed a morphism 

X (/3,t/0 : 0A 2 ,W 2 )->-(Ai,Wi) 

and our functor is defined. 

Let's show that x gives an anti equivalence of categories. It is remain to construct an inverse 
functor on morphisms in S . 
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Let T : {A 2 , W 2 ) — > (Ai, W\) be a morphism between Schur pairs defined by an admissible 
operator T € Adnii . It means that we have 

T~ 1 A 2 T(ZA 1 and W 2 T CZW X . (15) 

Let Xi be the projective surface defined by A, and T% be the torsion free sheaf corresponding 
to W{ , i = 1,2. Note that Wi has a natural T~ l A 2 T -module structure. Thus the inclusions 
(I15p define a morphism (since conjugation and multiplication by T preserves the filtration on 
A 2 and on W 2 and therefore an inclusion of graded rings and modules is defined) /3 : X\ — > X 2 
and a sheaf homomorphism ifj : T 2 — )■ ^J 7 ! . As it follows from the inclusion of graded rings, 
the properties [2al and [2bl of definition 13.111 for the morphism (3 hold. 

Since T is 1 -admissible, we have T _1 A;[[u,t]]r ~ MM]], which gives an isomorphism 
h : k[[u,t]] — > k[[u,t]] . Moreover, T gives an isomorphism between k [[«]]((£)) -module fc[M]((*)) 
and T^ 1 k[[u]]((t))T -module k[[u]]((t))T . Since &[[u]]((i)) is generated by the identity element 
1 as a A;[[u]]((i)) -module, T : fc[[u]]((t)) — >• &[MK(*)) is determined by its image £ = f 1 • T € 
i]] . Then £ is an invertible element, £ € k[[u, t]]* . Every element of fc[[it]]((^)) is uniquely 
expressed as a ■ 1 , where a € MMK(O) • We have 

T(a • 1) = (1 • T)T' x aT = h(a)£. 

It is easy to check that h satisfies [2c] of definition 13.111 and £ defines a k[[u, t\] -module isomor- 
phism 

£: k[[u,t]] ->k[[u,t]] 

which satisfies [2d] of definition 13.111 This completes the proof. □ 

Denote the set of isomorphism classes of Schur pairs by S/ Admi and denote the set of 
isomorphism classes of geometric data by M . By theorem 13.31 we obtain 

Corollary 3.4. There is a natural bisection 

§:M^ 5/Admi. 
Combining theorem 13.21 and theorem 13.31 we obtain 

Theorem 3.4. There is a one to one correspondence between the set of classes of equivalent 
1 -quasi elliptic strongly admissible finitely generated rings of operators in D (see definitions 
\2.18l \3.4\ \3.8\) and the set of isomorphism classes of geometric data A4 (see definitions \3.10l 

Remark 3.9. A natural question arises: are a category of commutative algebras of operators 
and the category of Schur pairs equivalent? 

The answer is negative already in one-dimensional case, see |23j . introduction. It is possible 
to define a category of commutative algebras of operators in a natural way. But it does not 
become equivalent with the category of Schur pairs and the category of geometric data we have 
defined, since in the construction of a Schur pair by a ring of operators in theorem 13.21 we need 
to choose operators L\,L 2 , and by choosing other operators, we come to another Schur pair, 
which is isomorphic to the first one. 

Remark 3.10. It should be possible to extend the category of geometric data to include also 
schemes of non-finite type over k , and prove the equivalence of this category with an extended 
category of Schur pairs with the ring A not finitely generated over k . 

Remark 3.11. It would be interesting to find geometric conditions describing those geometric 
data that correspond to 1 -quasi-elliptic rings in the ring D C D . See works [12] , [18] , where 
several results in this direction are obtained. 
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Remark 3.12. One can also introduce for the ring D and for a surface from definition 13.101 a 
natural generalization of the notion of formal Baker- Akhieser module (cf. \42\ Introduction]) or 
of formal Baker- Akhieser functions as eigenvectors of a ring B from theorem 13.41 (cf. |14l §4]), 
though it will be in general different from those considered in [13] or [42] . 

Namely, consider the expression e e = exp(xiz ] ~ 1 + x 2 z 2 ~ 1 ) and define the action 

d 1 (e £ ) = zfV, d 2 (e E ) = z 2 "V, 

<9rV) = Zl e £ , d^(e £ ) = z 2 e £ . 

Now let's define the D -module M = De e . Let's call its elements as formal Baker- Akhieser 
(BA) functions. 

Let B , P,Q,L\,L 2 , S be the ring and operators considered in section [3TTT Let's define the 
formal BA-function corresponding to B as 

il> B {x,z) = S~\e e ). 

Then we have 

PiPb(x, z) = Z 2 k ipB(x, z), QiPb(x, z) = z{ 1 z\~ { l tp B (x , z). 

Note that the eigenvalues are different from the symbols of operators even if P, Q are partial 
differential operators as in [14\ §4]. 

In general, for arbitrary element b € B we have b^ B (x,z) = ai/jB(x,z), where a is a 
series in z\ , z 2 . If we apply the change of variables tpi from corollary 13.31 to the element a , 
we obtain a series in u, t which is a representation of the meromorphic function on the surface 
X corresponding to the element b in terms of local parameters of the point P (see definition 
I3.10|) . Thus, M can be thought of as an analogue of the BA-module, and ipi(ipB(x, z)) can be 
thought of as an analogue of the BA-function from \\.4\ §4] . 

4 Examples 

As an advertisement of our constructions let's give several examples of commuting operators in 
the ring D (for more details on calculations see |19|). 

Example 4.1. In one dimensional situation, using the Sato theorem, one can obtain old known 
example of Burchnall and Chaundy of commuting ordinary differential operators corresponding 
to a cuspidal curve, if we take W = (l + t,t~\i > 1} , A = /c[t~ 2 ,t~ 3 ] : 

P = dl - 2(1 - x)~ 2 , Q = dl - 3(1 - x)~ 2 d x - 3(1 - x)" 3 . 

Example 4.2. Let's take a subspace W = (1 + t,t~ t u : >,i > 1,0 < j < i) C M[u]]((£)) • O ne can 
easily check that its ring of stabilizers contains elements t~ 2 ,t~ 3 ,ut~ 2 . So, it is strongly admis- 
sible. The maximal ring of stabilizers will be infinitely generated over k . The Schur pair (W, A) 
with a finitely generated ring A containing the elements above corresponds to a geometric data 
with a surface being singular toric surface. 

The operators corresponding to the elements t~ 2 ,ut~ 2 in the ring of commuting operators 
corresponding to A (the operators satisfying the definition of quasi ellipticity, cf. also corollary 
EU are 

P = d 2 - 2 1 (: eM-xidi) :), 

(i - x 2 y 

Q = did 2 + — — — (: exp(-xidi) :)di, 
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where (: exp(— x\d\) :) = 1 — x±di + x\d\j2\ — xfdf/3l + . . . . The operator corresponding to 
the element t -3 is 

o 1 1 

P =d 2 - 3- tttO exp(-xi5i) :)d 2 - 3- exp(-xidi) :). 

Thus, these operators are very similar to the operators from previous example. This similarity 
goes further: if we derive equations of isospectral deformations of the operators above (cf. |24( 
§4] and |41| §6]), we obtain the following equations of the corresponding Sato- Wilson system (cf. 

m §4]): 

^ = \{si)x2X 2 X2 ~ ^(«l)a 2 , ^ = -(«l)xa( a l)*i _ \(si) X2X2 dx, (16) 

gj- = -(si)*! - (si) XlX2 di - (si) X2 dl, 

where s\{ti,t 2 ,t^) = s\{t) is the first coefficient of the operator S(t) = 1 + si(t)9^" 1 + . . . , 
and 5(0) = S is the conjugating operator: W = W S , P = Sd^S" 1 . Notably si(0) = 
exp(— xidx) :) is a solution of the equations above. This corresponds to the following fact from 
one-dimensional KP theory: the function u(x) = {x~ l ) x is the rational solution of the KdV 
equation (and this function is the halved coefficient of the operator P in example 14. ip . 

Remark 4.1. A simple analysis of equations (|16p show that even if we start with a commu- 
tative ring of partial differential operators (what means that si(0) 6 ^2]][^i] = D\), the 
isospectral deformations will not be partial differential operators, but operators in D , since 
s\{t) £ D\ for general t. Thus, the ring D appears quite natural. This situation is similar to 
the problem of describing commutative rings of ordinary differential operators with polynomial 
coefficients (cf. [21], [22] for explicit examples of such rings) in dimension one. In one dimen- 
sional KP theory, if we start with a commutative ring of ordinary differential operators with 
polynomial coefficients, its isospectral deformations (which are connected with solutions of the 
KP equation) will consist of operators with not polynomial coefficients though they will still be 
ordinary differential operators. 

Example 4.3. In this example we show how already known examples of commuting partial 
differential operators corresponding to quantum Calogero-Moser system and rings of quasi- 
invariants (see [7]) fit into our classification. 

Recall that the rings in these examples consist of operators commuting with Schr'odinger 
operator L = di+d2—u(xi,x 2 ) , where u is a function of special type given by explicit formulae 
in three cases: rational, trigonometric and elliptic. In all cases the rings of highest symbols of 
commuting operators are described (they are called as rings of quasi-invariants, see [7]). Thus, 
the rings of quasi-invariants are k -subalgebras in the ring of polynomials (in two variables in our 
case). As it follows from definition and description of these rings in [7J, the corresponding rings 
of commuting partial differential operators satisfy assumptions of proposition 12.41 and lemma 
12.61 Thus, after a linear change of variables they become a 1 -quasi elliptic strongly admissible 
rings (by proposition 12. 4p and therefore correspond to 1 -quasi-elliptic Schur pairs. If the ring 
of quasi-invariants is finitely generated as a A; -algebra (cf. proposition 12. 3|) . then the ring of 
commuting differential operators corresponds to a Schur pair from definition 13.121 (by applying 
the map ipi from corollary 13.31 to the corresponding 1 -quasi elliptic Schur pair from theorem 
13. 2p and therefore it also corresponds to a geometric data from definition 13.101 by theorem 13.31 

For example, the operators 

Li = d\ + d 2 , L 2 = df + d 2 - m(m + l)p(x\ - x 2 ) 
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that define a quantum Calogero-Moser system (here p(z) is the Weierstrass function of a smooth 
elliptic curve), after applying the k -linear change of variables d'2 = 81 + 82 , <9'i = 8\ , x 2 = 22 , 
x'i = x\ — X2 — c , c € C become equal to 

Li = 8' 2 , L 2 = 28'\ - 2& 1 & 2 + d'l - m(m + l)p(c + zi). 

We choose a constant c here in such a way that the Taylor series of the function p(z) — z~ 2 
in a neighbourhood of zero and all its derivatives converge at z = c . In this case we can 
represent p(c + x[) as a formal Taylor series belonging to C[[a^]] • Note that any ring of 
commuting operators containing these operators contains also the operator L' 2 = L2 — L\ and 
ordr(L 2 ) = (1,1) , ordr(^i) = (0,1) . Note that both operators L\,L 2 satisfy the condition 
A\ . Therefore, any ring B of commuting operators containing these operators is 1 -quasi elliptic 
strongly admissible with Nb = 1 • We would like to emphasize that the projective surface X 
in the geometric data corresponding to this commutative ring of partial differential operators 
is naturally isomorphic to the projectivization of the afhne spectral variety defined by this ring 
(cf. O rem. 5. 3]) offered by Krichever in p3]. For further geometric properties of the surface X 
as well as of the geometric data (corresponding to any commutative rings of partial differential 
operators or operators in D) we refer to recent works [32] , [18] . 

At the end we would like to prove one statement about geometric properties of the surface X 
corresponding to a maximal commutative subring of partial differential operators. This statement 
recovers a number of results in works [9], [3J, [2], [10] (cf. rem. 3.17]) claiming that the affine 
spectral varieties of commutative rings of partial differential operators corresponding to certain 
rings of quasi invariants are Cohen-Macaulay. 

To formulate this statement recall one construction (without details) given in section 3.2 
of [18]. For a given integral two-dimensional scheme X of finite type over a field k (or over 
the integers) there is a "minimal" Cohen-Macaulay scheme CM{X) and a finite morphism 
CM(X) — > X (and a finite morphism from the normalization of X to CM(X) ). The construc- 
tion generalizes the known construction of normalisation of a scheme. For the ring A we denote 
by CM (A) its Cohen-Macaulaysation. 

Theorem 4.1. Let (A,W) be a Schur pair of rank r such that W is a finitely generated 
A -module. Then (CM(A),W) is also a Schur pair of rank r . 

In particular, if (A, W) corresponds to a ring of partial differential operators (cf. prop. 
3.2, th. 2.1]), then by theorem \3.2\ and proposition \3.1\ the pair (CM(A),W) also corresponds 
to a ring of partial differential operators which is Cohen-Macaulay. The corresponding to the 
pair (CM(A),W) projective surface X is also Cohen-Macalay by U8[ th. 3.2]. 

Proof. Let X be the projective surface corresponding to the pair (A, W) by theorem 13.31 Then 
by [181 th. 3.2] there is a natural isomorphism of a neighbourhood of the divisor C on X and 
on CM(X) implying Ocm(X),p — @x,p ■ Thus, we can extend the embedding from definition 
I3~15t CM (A) ~ H°(CM(X)\C, CM (X)) ^ MMKW) (note that the image of this embedding 
contains A). Let's denote the image of this embedding also by CM (A) . By the same arguments 
as in the proof of lemma[3j2we have H°(CM(X), CM{X ){nC')) ~ CM(A) nd . 

Consider the subspace W in fc[[it]]((t)) generated by W over CM (A) . Since W is a 
finitely generated A -module, the space W is generated by finite number elements w\, . . . w n 
over CM (A) (these elements also generate W over A). Because of theorem 3.2 in [18] the 
graded rings gr(CM(A)) and gr(A) are equivalent, thus W' is generated as a A; -subspace by 
the space W and by finite number of elements WiCij , where i = 1, . . . n , a,- are a basis of 
finitely dimensional subspace CM{A)kd for some fixed k . 

Let S be the operator (see theorem 13. ip such that WqS = ipi 1 (W) (see corollary I3.2p . 
Then we have B = Sip^ 1 (A)S~ 1 C D by our assumption, whence S G E (see the proof of 
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theorem 13.21 and lemma [2, lip . Denote by Wq the space tp 1 (W')S 1 . By the arguments above 
Wq is generated by Wq and by finite number of elements WiajS^ 1 as a /c -space. Note that 
W^B C and W'qB' C , where 5' = S^ 1 (CM(A))S~ 1 . 

Now we can argue as in the proof of proposition 12.11 to show that B' C D . Since S G E , 
we have B' £ E . Let b £ B' , b ^ D . Then 6_ = 6 — b + ^ . In this case we have 



^ z -ord MltM2 (b-) b _ = d°rdM lt M2( b -)(b-)(0) <£ W 

and z -ord Ah ,M 2 (b-) b+ G jy Q _ 

Since VF 7 , is generated by Wo and by finite number of elements 
not belonging to Wq and since b <G E , for some n 3> we have z~ ord -Mi,-M 2 ( 6 -)-( n > )fr_ ^ 



be a coefficient of the series b- 



Wq . Indeed, let bij 

• • • &i+<jj ^ be non zero coefficients of the series b 



such that d ordA/ i> 
with fixed j 



(M (M( ) f 0. Let 
i.e. frj+ij = for all 



I > q. Then for each n » the condition z ord Ml:M2 (6_) (n,0)^_ £ jy7 j mp i y t j ie equa ti n 

a ord ^.^( 6 -)(6 i;: ,.)(0) + na ordM i.^( 6 -)+( 1 '°)(6 i+1J )(0) + C29 ord ^i.^( f '-)+( 2 . )(6 i+2ii )(0) + . . . 

+ C«5 ordM i. M 2( 6 -)+fe°)(^ +9J .)(0) = 0. (17) 



Thus for n = m, . . . ,m + q + 1 (for m 3> ) a system of linear equations Cx = , x = 
(xq, . . . , x g ) must hold, where the variables xi = d ordM i> M 2( 6 -) + ('' )(&j + ;j)(0) , I = 0, . . . q , and 
the matrix 



/ 1 



C 



1 



V 1 



r 1 



^m+q 



Cm ^ 



u m+l 



fig 



Since C is invertible, we have x = 0, a contradiction with <9 ordM i- M 2( 6 -)(6 i:/ )(0) ^ . So, if b 
preserves Wq , then b must be in D . Therefore, B' C D and 73' preserves Wq . Then CM (A) 
preserves W , hence (CM (A), W) is a Schur pair of rank r (all properties from definition 13. 121 
item [2] for the ring CM(A) hold because CM(A) D A is a finite A -module). □ 
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